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1. Introduction

Among the nongravitational forces affecting the motion
of passive, geodynamical satellites such as LAGEOS,
those due to thermal effects are very important, i.e. the
asymmetrical heating of ‘the satellite body by external
radiation sources (the Sun and the Earth)-and the cor-
responding temperature gradients on the surface, resulting
in a net recoil force. related to anisotropic emission of
thermal radiation. A first generation of theoretical models
for these effects appeared in the late 1980s and early 1990s
(Rubincam, 1987, 1988, 1990 ; Slabinski, 1988 ; Afonso et
al., 1989 ; Scharroo et al., 1991). However, because of the
complexity of the physical processes under scrutiny, these
models often adopted crude simplifications. In recent
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years, the need for more accurate and/or general models
has been highlighted by the increasing accuracy and time
span of the:LAGEOS orbital data in particular the series
of along-track acceleration residuals, of the order of a few
pms~2 and spinning two decades and by the improved
understanding of the rotation rate and spin axis evolution
of the satellite under magnetic and gravitational torques
(for a brief recapitulation of the subject, we refer the
reader to the introduction of Farinella and Vokrouhlicky
(1996), hereinafter referred to as paper I; the notations
and terminology introduced in that paper will be kept
here without significant changes).

In paper I we developed a new theory for the orbital
perturbations related to thermal effects on LAGEOS-type
satellites, modélled as spherical bodies with homogeneous
physical and optical properties. The main improvement
of this theory with respect to the previous ones is that it
is not restricted to the case when the rotation of the sat-
ellite is fast with respect to its thermal inertia and orbital
period, and that as a consequence the recoil force in gen-
eral is not directed along the spin axis, but has nonzero
“equatorial” components. In other words, if we consider
the satellite as a small spinning planet, we account for
“diurnal” effects as well as for “seasonal” ones. In paper
1, this theory was applied to the so-called Yarkovsky~
Schach effect, caused by the solar- illumination of the
satellite interrupted by passages through the Earth’s
shadow, and a complete solution was derived for LAG-
EOS’s long-term orbital perturbations due to this effect.
Here, we plan to perform a similar study but for the so-
called Yarkovsky—Rubincam effect, in which the satellite’s
heating due to the Earth’s infrared radiation is responsible
for the surface temperature gradients and the related per-
turbing force. Of course, in reality both effects are present
at the same time and cause orbital changes appearing in
the observed residuals of the orbital elements (in particu-
lar, the semimajor axis). ‘ :

Rubincam (1982) was the first to point out the import-
ance of this particular thermal effect for the understanding
of the observed along-track residuals of LAGEQOS’s orbit.
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It was an important first step, because Rubincam clearly
understood that a critical factor was the ‘‘seasonal”
character of the effect in the case of LAGEOS, in contrast
with the ““diurnal’ version of the Yarkovsky thermal force
usually described in previous literature about non-
gravitational forces on natural solar system bodies (see,
i.e. Radzievski, 1952 ; Peterson, 1976 ; Burns et al., 1979).
This was justified because of the very fast rotational
motion of LAGEOS at the time of launch (about 1.6
rotations per second), compared to the typical timescales
for the satellite’s thermal inertia and orbital motion
(which are three to four orders of magnitude longer).
A quantitative analysis of the along-track perturbations
caused by this effect was given by Rubincam (1987, 1988).
who showed that such perturbations could explain most
of the previously unmodelled semimajor axis decay of
LAGEOS (~!mmday~'). Rubincam (1987) used a
highly simplified thermal model, while the thermal behav-
iour of the real satellite is quite complex, as recently shown
by Slabinski (1997). However, his simplifying assumptions
did not lead to quantitatively important errors, and
allowed him to introduce a fairly simple mathematical
formulation of the problem. For these reasons, in paper I
we have followed a similar approach.

The reason why a new theory accounting for the “diur-
nal” effects on a slowly-spinning satellite is needed is that
LAGEOS’s rotation is actually slowing down. As sug-
gested by both theoretical models and observations
(Bertotti and Iess, 1991), this despinning process—due to
dissipation by eddy currents generated by the satellite’s
motion through the geomagnetic field—is an exponential
one as a function of time, with an e-folding characteristic
time of =3 years only. As a consequence, by the end of
this century LAGEOS’s rotational period will be of the
order of 10*s, namely comparable to the typical thermal
inertia timescale. In such a situation strong “‘diurnal”
temperature gradients will arise on the satellite’s surface,
and thermal force will cease to be aligned with the spin
axis. The new “equatorial” components of the force will
give rise to qualitatively new perturbation patterns, and
therefore it is clear that, the previously adequate fast-
rotation approximation will be no longer useful. This is
the main motivation of this work, in which we are going to
reformulate the Yarkovsky—Rubincam effect for arbitrary
values of the satellite’s rotational period.

The remainder of this paper is organized as follows: in
Section 2 we recall the theoretical setting of the problem
as given in paper 1 and adapt it for the analysis of the
thermal effects caused by the Earth’s infrared heating.
Next, in Section 3 we apply the theory to the case of the
LAGEOS satellite and show that the effects due to the
equatorial thermal force components appearing in the
slow-rotation case will soon become detectable. In Section
4 we summarize our conclusions and sketch some future
work on this subject.

2. Theory
2.1. Recalling the basic formulae

Because we are going to use the same mathematical and
physical formulation of the problem as given in Section

2.1 of paper 1, we will only give here the main formulae
needed for understanding what follows. Given the con-
stants specifying the material and geometric properties of
the satellite (R its radius, m the mass, « and ¢ the absorp-
tion and emission coefficients of the surface, C, and « the
specific heat and thermal conductivity, p the density, T
the average equilibrium temperature), the perturbing ther-
mal force per unit mass of the satellite can be expressed
as

8§ oaeo
aln) = - mc pC,R

Ty | dre="""h@t:R) (1)
<t
where ¢ and ¢ are the Stefan-Boltzmann constant and

the velocity of light, respectively, whereas the “‘kernel
function™ h(z.r";R) is defined by

h(t.t ;R) = | dA(0.¢)AQ(¢ ;R.n"M(0.¢). 2)
Q*1)

Here, AD(s;R.n) is the scalar radiative flux due to the
external source(s) through the satellite surface element
defined by the unit vector n(6,¢) at time 7, (6,¢) being the
spherical coordinates defined on the satellite surface. The
integration domain Q.(f) in the integral is implicitly
defined by the illumination condition A®(z;R,n)>0 (at
time ¢). We recall that the primed variables in equations
(1) and (2) are to be computed at the retarded time ' <.

The fundamental parameters controlling the thermal
effects in our model are: (i) og =2n1g/ T,ey. Where tg is the
thermal lag time characterizing the response of the satellite
surface to external heating and T,., the period of the
satellite’s orbit around the Earth; and (ii) r= T/ T
where T, is the satellite’s rotational period. The basic set
of timescales relevant for our problem is thus:
(T o1, Trer,Tr). We assume that all of these timescales are
much shorter than those over which the satellite’s spin
axis direction and its orbit evolve.

The only (formal) constraint of our solution is r>1,
due to the fact that the predicted evolution of LAGEOS’s
spin axis direction has been derived from an averaged
model (Farinella et al., 1996), which cannot be applied in
the transition through a spin-orbit resonance (Habib er
al.. 1994).

2.2. The Yarkouvsky—Rubincam effect

Let us start by introducing a suitable reference frame,
which will be used throughout this paper : the Z-axis (with
unit direction vector ey) is directed along the satellite’s
spin axis, whereas the X-axis (unit direction vector ey) is
chosen in such a way that the satellite’s geocentric position
vector always lies in the X-Z plane (with a negative X-
component). This defines our system uniquely, with the
exception of some singular configurations (spin axis in the
orbital plane), which do not require a separate treatment.
Note that in general, this frame rotates in a non-uniform
way with respect to inertial space.

Contrary to the case treated in paper I (satellite heating
caused by sunlight), the position unit vector of the heat
source—the Earth in the current case—is not fixed in our
reference system. Actually, for the colatitude 6,(4) of the
heating source in the X YZ-frame we obtain
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cosOi) = —/1—ssini (3)

where s.=s- ¢ is the cosine of the angle defined by the unit
vectors directed along the satellite’s spin axis (s) and the
perpendicular to the orbital plane (¢), while 4 is the sat-
ellite’s orbital longitude (like in paper 1, we approximate
the satellite’s orbit as a circular one, so 4 can be used
instead of the time 7 as an independent variable). We have
arbitrarily chosen the origin of 4 so that it corresponds
to B, = m/2; otherwise one should have considered an
additional constant /, in the corresponding angular argu-
ment of equation (3). Since none of the final results depend
on this arbitrary quantity 4,. we have preferred to take
directly 4, = 0. Note, also that. the parameter s, is the only
geometrical quantity which plays a role in the formulation
and solution of our problem.

As a second step, we have to specify the “rotation [aw”
of the satellite in the XYZ reference system. This means
that we have to describe the motion of each of its surface
clements. Because the Z-axis coincides with the spin axis,
the rotational motion of any surface element changes its
“longitude™ ¢ and leaves unchanged its “colatitude™ 6. If
we consider a surface element having an initial longitude
g at an arbitrary starting time. we obtain for its longitude
« as a function of 4:

HLY = do+(r—1i—f(4) (4)
where we have introduced the auxiliary function
F(4) = arctan(s.tan A) — 4. (5)

Finally, we need to specify the external radiation field
which heats the satellite’s surface. In this respect, the
Earth’s infrared illumination is more complicated than
the sunlight case, because the former is not unidirectional,
but is better represented by a cone with an x~60” aperture
at LAGEOS’s altitude. However, we shall neglect this
geometrical complication, and approximate the Earth's
infrared radiation field at the satellite’s altitude as a homo-
geneous field of intensity ®, (=65 W m~? in the LAGEOS
case). Then, if we take the satellite’s surface element char-
acterized by the spherical coordinates (6,¢), we have

A®(A:R.n) = Dy[sin O 4) sin O cos ¢ + cos OB,(4) cos b)].
(6)

The intermediate quantities that we need for computing
the perturbations on the orbital semimajor axis and incli-
nation of the satellite are the instantaneous values of the
transverse [7(A)] and binormal [W(4)] components of the
thermal force. Simple geometry shows that they can be
written as

sin £ cos A

fr=a=rgom h

S

sin 6,(4)

F),+J1fs§005)-FZ (N

and

PR

/1=
W) = —Vf~—~f—‘» (scsin A Fy+cos 2 Fy)+s.F,.  (8)
sin (&)

where (F,.F,.F /) are the projections or the thermal force

vector onto the three unit vectors (ey.e,.e,). Equation (3)
yields

sinf(4) = /cos’ J+ssin s (9)

for the same factor in equations (7) and (§).

Considering the rotation law (4), one can easily show
that the vector h(4.4" :R) appearing in equation (2) can be
expressed as

isin 6,(4") cos ;(}.J/)\'

h(4.2 :R) = %RZ(D“ SINO(2 ) sin E(427) | (10)
cost (A
where we have defined
HuA Y = r= D= 2+ 1A =1 14). (1

Combining this result with equations (1) and (2). we can
see that only the Z component can be computed ana-
lytically by simple quadratures. Thus, for the component
of the thermal force directed along the spin axis we obtain

58N/ —GRCOS £

FAl = =/ 1—s2- (12)

» ]%ai;
with
16 TR*®, . Ao
v= - — x T . 13
’ 3 mc R pC,.R ()

F, obviously vanishes for s, = 1. Like in the case of the
Yarkovsky—Schach effect. discussed in paper I, equation
(13) for the normalizing factor y provides just a good
semi-quantitative estimate for the intensity of the thermal
force, but since real satellites are not perfectly spherical
and homogeneous, in practical applications the precise
value of y should be determined empirically by a fit to the

available data rather than calculated a priori.
Introducing the previous result into equations (7) and
(8), we obtain the contribution of the Z thermal force
component to the along-track perturbing acceleration
(which, for small orbital eccentricities. is just proportional

to the time derivative of the semimajor axis):
r O

Tp=t TR 1), 14
z2=5 ]+0§( S (14)

Gauss™ perturbation equations also give the cor-

responding excitation of the orbital inclination:

dr/ 7 TR ‘ 3 (15)
— = — 35 — N
dt/), 2na TN ‘

These results reproduce those of Rubincam (1987, 1990):
in equation (12) the coefficient y gives the amplitude of the
perturbing effect. the factor containing the ai parameter
corresponds to Rubincam’s thermal lag factor [(sind). in
his notations], and the (1 —s?) term is exactly the angular-
dependent piece of Rubincam’s formula. Whenever
s. = +1 (spin axis normal to the orbital plane), the T,
(“*seasonal”) component of the thermal drag-like effect
vanishes. On the contrary, it is maximum for 5. = 0, as
expected. Similarly, equation (15) corresponds to the
results of Farinella ez a/. (1990). in particular their equa-
tion (18). provided one substitutes their “delay angle™ 0
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and amplitude factor K by the relationships

sinf=oy/\/1+0orand K=y/ /1+ 4%

The contribution of the thermal force components per-
pendicular to the spin axis (Fy and Fy) to the along-track
and out-of-plane perturbations is more complicated. We
did not succeed in integrating equations (1) and (2) ana-
lytically and our results can only be expressed as formal
quadratures. However, an efficient numerical evaluation
is always possible (some applications will be discussed in
the next section). For this purpose, we define the auxiliary
quantities

A

1) = j dA’ sin (A cos E(V,A) e #or (16)

i—=2n

I f dA’sin (4) sin E(A',A) e~ “*"r . (17)
Using this definition and applying the same averaging
method we explained in Section 2 of paper I, we obtain
for the mean value of the along-track perturbing accel-
eration due to the X and Y thermal force components:

Tey= — ﬁé(r— 1.9) gdz
I:IX()L) sin 95(/1)+1y(/1) (i)]
'y N _ 2n
+ E;I—;S(r— 1,8) g di
[Iy(l) sin 6,(1) ~ 1) 5 ,1)} (18)
with

s, l—écos(2nr)
Cre) = 1 —2écos(2nr)+é° (19)

esin(2nr)
1 —2écos(2nr)+ &

S(r,é) = (20)
The total value of the thermal drag-like acceleration is of
course T'=T,+ Ty,.

In general the asymptotic behaviour of Ty, for large
values of the parameter r = T,.,/T,. (the rapid-spin case)
is obscured by the complicated structure of the previous
formulae. We just mention that for large values of r the
arguments of the trigonometric functions in the integrands
of equations (16) and (17) change rapidly, leading to small
mean values I, and I,. In a few special cases, we can
obtain an analytical result. When s, = + 1, we have

(r—1og
"M+ =1y

and Tyy(ris. = —1) = Tyy(r+2;s. = 1). Both values of
Ty decay proportional to 1/r for large values of r. On the
other hand, it can be shown by a straightforward but
tedious computation that Ty{r;s. = 0)oc 1/r2. Therefore,
we expect that for generic values of s, the averaged Ty,
component decays proportional to 1/7*, where ae(1,2).

In a similar way, the contribution of the X and Y ther-
mal force components to the averaged excitation of the
orbital inclination can be expressed as

Tyy(rise=1)= 2n

(‘”) - _Llar 1,2) jd/t

dr /.y 2nna
SO Iy sind+ 1,(7) cos )
sm@(/l) s A) sin 1) cos
) —5 " 2n
IR AVR Iy TR Y
2nna 0
COS A
X e 0.0 [scI(A) sin A — I, {A) cos A]. (22)

Again, we could not carry out the integrations appearing
in equation (22) analytically and, in the next section, we
will raise a numerical method for their evaluation.

A brief comment is to be made about the eccentricity
excitations, which we have not, mentioned so far. As
discussed by Métris and Vokrouhlicky (1996), a simple
order-of-magnitude estimate shows that the cor-
responding Yarkovsky—Rubincam perturbing effects, in
the rapid-spin approximation, do not contribute in a sig-
nificant way to the observed eccentricity residuals for
LAGEOS. One can easily check that, the same holds also
for the more general case including the X and Y force
components, with which we are dealing here. As a conse-
quence, we shall not discuss the eccentricity effects in the
next section.

3. Applications

The purpose of this section is to demonstrate that in the
specific case of the LAGEOS satellite the components of
the thermal force perpendicular to the spin axis, which
are significant when the satellite’s rotation is slow enough,
give rise to excitations of the orbital semimajor axis (Tyy)
and inclination [(dl/df)y,] which cannot be neglected
within an accurate orbit analysis and/or determination.
As we will see, for LAGEOS the slow-rotation condition
will be met during the next decade.

In Fig. 1 we compare the results for 7 in the case
of LAGEOS from the Z-component alone (rapid-spin
approximation, curve Z) to the contribution of the equa-
torial components, as a function of the geometrical par-
ameter s.=s - ¢. Because the “‘diurnal” effect associated
with the equatorial components depends on the ratio r
between the orbital and rotational periods, we have plot-
ted separately the curves corresponding to r = 1 (curve
1), r = 2 (curve 2), and so on.

The thermal inertia parameter og has been set to 2.4 rad,
in agreement with Métris ef al. (1996), whereas the ampli-
tude parameter y has been chosen in such a way that:
yor/2(1 + 6%) ~3.08 pm s 2, which is consistent with recent
analyses of the LAGEOS along-track residuals (i.e. Sch-
arroo et al., 1991 ; Farinella et al., 1996). This value is in
good agreement with the approximate equation (13), once
the constants appropriate for the LAGEOS satellite are
inserted in it. This set of parameters is used throughout
this section.

In Fig. 1 we can observe several important features of
the Yarkovsky—Rubincam effect. When the spin axis is
perpendicular to the orbital plane (s.+ 1), the *‘seasonal”
contribution vanishes while the “‘diurnal” contribution is
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Fig. 1. The drag-like along-track component T of the Yar-
kovsky—Rubincam thermal force for LAGEOS vs. the s, par-
ameter (defined as the cosine of the angle between the satellite’s
spin axis and the perpendicular to its orbital plane). The dashed
curve shows the contribution of the force component directed
along the spin axis, whereas the solid curves show the con-
tribution of the “equatorial” force components. The latter com-
ponents depend on the ratio r between the orbital and rotational
periods, so several cases have been plotted, corresponding to
different values of r

maximum. In agreement with equation (21), the latter
contribution decays as 1/r for increasing values of r. On
the contrary, when the spin axis lies in the orbital plane,
the “‘seasonal’ contribution is maximum while the “diur-
nal” contribution is relatively small, and decays as 1/r*
for large values of r. The arrow in the figure points to the
predicted value of s, when the r = 1 spin-orbit resonance
will be met by LAGEOS (according to Farinella et al.
(1996)). This shows that the “‘diurnal’” contribution will
be a moderate one compared to its possible values for a
high s, but as discussed below even this limited effect will
be large enough to be observed.

A similar plot can be made for the Yarkovsky—-Rub-
incam inclination effects. Figure 2 shows the time deriva-
tive (or excitation) of LAGEOS’s mean inclination (d/d¢)
as a function of s,. When s.41 1t is easy to see that the
thermal force lies in the orbital plane, and as a conse-
quence the excitation of the inclination vanishes. The

=

(dl/dt) (mas/yr)
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Fig. 2. The same as Fig. 1, but for LAGEOS’s inclination exci-
tation (df/d) vs. s,
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Fig. 3. Predictions of the averaged along-track thermal force
component on LAGEOS due to the Yarkovsky-Rubincam
effect vs. time (in days), starting on Jan. 1, 2000. The dashed
curve 2 corresponds to the rapid-spin approximation, whereas
the solid curve | shows the prediction of the theory developed
here, including the equatorial force components as weil. The
evolution of LAGEOS's rotational state has been predicted
according to the dynamical theory of Bertotti and less (1991),
following Farinella ez al. (1996)

arrow again points to the value of the s, parameter cor-
responding to the spin-orbit resonance for LAGEOS.
Note that the contribution of the equatorial terms
(dI/det)yy is now quite important, as it will be confirmed
below.

Figure 3 shows the Yarkovsky-Rubincam drag-like
along-track perturbations predicted for LAGEOS after
Jan. 1, 2000, assuming that its rotation rate and spin axis
direction evolve as predicted by Farinella ef al. (1996) on
the basis of the theory developed by Bertotti and less
(1991). The (dashed) curve obtained from the rapid-spin
approximation is almost constant, while the (solid) curve
corresponding to the total force, including the equatorial
components, shows significant changes. We recall that the
r.m.s. deviation of the empirical along-track residuals with
respect to current dynamical models is of about
0.5pms™, considerably smaller than the difference
between the two curves shown in Fig. 3. Therefore a model
accounting for the Yarkovsky—Rubincam slow-rotation
effects will become essential to analyse the LAGEOS
orbital residuals in the first decade of the next century.

Figure 4 shows the excitation of the mean orbit incli-
nation of LAGEOS due to the Yarkovsky-Rubincam
effect as a function of time since the launch epoch.

We can again conclude that in the near future the total
effect (solid line) will become considerably different than
the predictions based on the rapid-spin approximation
(dashed line). Farinella er al. (1990) studied this incli-
nation effect assuming a constant orientation of the sat-
ellite’s spin axis, and concluded that a secular value of
about —0.84masyr~' had to be expected (they also
assumed a somewhat larger value of the phase-lag par-
ameter). This result is in good agreement with the average
value we find for the first 15—~ 20 years after launch, but
later on the situation changes, due to the spin axis evol-
ution. The influence of the equatorial thermal force com-
ponents results in a fairly large negative value of the incli-
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Fig. 4. The same as in Fig. 3 but for LAGEOS’s inclination
excitation (d//d¢) vs. time, starting at launch on May 4, 1976.
The arrow points to the epoch Jan. 1, 1997, when the influence
of the equatorial thermal force components will begin to be
significant

nation excitation, occurring some 33 years after launch.
This feature should be easily observable by accurate
orbital determination. The arrow in the plot points to
Jan. 1, 1997, an approximate date when the slow-rotation
corrections will start to be significant.

4. Conclusions and future work

The main results obtained in this paper can be summarized
as follows:

1. We have completed our theoretical treatment of the
thermal effects acting on the motion of LAGEOS-type
geodynamics satellites by taking into account the Ear-
th’s infrared heating (i.c. the so-called Yarkovsky—
Rubincam effect) after the solar heating (Yarkovsky-
Schach effect), which had been dealt with in paper 1.
In both cases our theory can be applied for arbitrary
values of the satellite’s rotation rate.

2. Inthe case of LAGEOS, the slower and slower rotation
due to magnetic despinning and the corresponding
“diurnal” temperature gradients associated with the
Earth’s infrared flux will soon give rise to significant
components of the thermal force misaligned with the
spin axis. As a consequence, within the next decade the
long-term drag-like semimajor axis decay caused by the
Yarkovsky—Rubincam effect will undergo significant
modifications with respect to the rapid-spin approxi-
mation adopted in previous analyses. The secular part
of the orbital inclination excitation is also going to
show major changes.

We stress that the theory developed in paper I and applied
again in this paper is based on several approximations
and simplifying assumptions, and therefore further work
should lead to significant improvements from the quan-
titative point of view. In particular, our spherical and
homogeneous thermal model is a rather primitive one
even for LAGEOS-type satellites. The complex structure
of real satellites and the different interactions of their parts

with the external radiation fieids and with each other
(including their mutual irradiation and shadowing effects)
should be investigated and modelled in some detail. Sla-
binski (1997) performed a significant step forward in this
direction, but limited his analysis to the rapid-spin case.
Removing this assumption and generalizing Slabinski’s
thermal model to the situation investigated here appears
as a promising area for future work.

Other issues which we have neglected are the possible
coupling between the different thermal effects and the
finite aperture of the Earth’s infrared radiation field. As
for the former problem, we have treated separately the
case when the satellite surface is heated by the Sun’s visible
radiation (paper I) and by the Earth’s infrared radiation
(this paper). On the other hand, Slabinski (1997) correctly
pointed out that in reality there is some interaction
between the two thermal effects, because the average sur-
face temperature T, depends on the occurrence of eclipses.
The latter issue, arising from the finite angular size of the
Earth as seen from the satellite, probably results in a slight
decrease of the corresponding temperature gradients on
the satellite’s surface, and consequently of the thermal
force perturbations. Quantitative studies of both these
effects appear worth some effort.

Finally, we stress that in order to improve our capability
of predicting the perturbations due to thermal effects for
LAGEOS-type satellites we need to better understand and
model the evolution of their rotation rate and spin axis
direction. The theory of Bertotti and Iess (1991) should
be refined by taking into account new perturbing effects
(e.g. Vokrouhlicky, 1996), and the complete system of
Euler’s equations should be studied numerically without
the averaging assumption, in order to deal with the spin-
orbit resonance crossings and the possible associated
chaotic dynamics (see Habib et al. (1994) for some work
in this direction).
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