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A B S T R A C T

Our previous model (NEOMOD2) for the orbital and absolute magnitude distribution of Near Earth Objects
(NEOs) was calibrated on the Catalina Sky Survey observations between 2013 and 2022. Here we extend
NEOMOD2 to include visible albedo information from the Wide-Field Infrared Survey Explorer. The debiased
albedo distribution of NEOs can be approximated by the sum of two Rayleigh distributions with the scale
parameters 𝑝V,dark ≃ 0.03 and 𝑝V,bright ≃ 0.17. We find evidence for smaller NEOs having (on average) higher
albedos than larger NEOs; this is likely a consequence of the size-dependent sampling of different main belt
sources. These inferences and the absolute magnitude distribution from NEOMOD2 are used to construct the
debiased size distribution of NEOs. We estimate 830±60 NEOs with diameters 𝐷 > 1 km and 20,000±2,000 NEOs
with 𝐷 > 140 m. The new model, NEOMOD3, is available via the NEOMOD Simulator — an easy-to-operate
code that can be used to generate user-defined samples (orbits, sizes and albedos) from the model.
1. Introduction

An accurate knowledge of the size distribution of NEOs is interesting
for many different reasons, including the objectives of the NASA’s Plan-
etary Defense Coordination Office (PDCO).1 Several size-distribution
models of NEOs have been developed (e.g., Mainzer et al. (2011),
Morbidelli et al. (2020) and Harris and Chodas (2021)). Mainzer et al.
(2011) combined the albedo measurements from the cryogenic portion
of the Wide-Field Infrared Survey Explorer (WISE) mission with the
magnitude distribution of known NEOs, approximately accounting for
the incompleteness, to estimate 981 ± 19 NEOs with 𝐷 > 1 km and
20,500 ± 3000 NEOs with 𝐷 > 100 m. The albedo distribution was
inferred from NEOs detected by WISE, which was an appropriate choice
because the WISE sample is much less biased with respect to visible
albedo than surveys in visible wavelengths.

Morbidelli et al. (2020) developed an approximate debiasing
method, combined the cryogenic WISE albedos with the NEO model
from Granvik et al. (2018), and inferred ∼1000 NEOs with 𝐷 > 1 km.
The strength of this work relative to Mainzer et al. (2011) was that
it used the debiased orbital and absolute-magnitude distribution model

∗ Corresponding author.
E-mail address: davidn@boulder.swri.edu (D. Nesvorný).

1 https://science.nasa.gov/planetary-defense.

(Granvik et al. (2016); also see Bottke et al. (2002)) – this removed
uncertainties related to the completeness of the known NEO population
considered in Mainzer et al. (2011). Morbidelli et al. (2020), however,
used a relatively crude albedo binning (three bins with 𝑝V < 0.1,
0.1 < 𝑝V < 0.3 and 𝑝V > 0.3; a uniform distribution assumed in each
bin), which did not allow them to reconstruct the debiased albedo
distribution in detail. The inferences given in that work for the size
distribution of NEOs were therefore somewhat uncertain.

Finally, Harris and Chodas (2021) updated their previous model for
the absolute magnitude distribution of NEOs (Harris and D’Abramo,
2015). A reference albedo 𝑝V,ref = 0.14 (Stuart and Binzel, 2004)
was used to convert the absolute magnitude distribution into the size
distribution. This is less than ideal because NEOs have a wide range of
visible albedos and it is therefore not obvious if there is a single albedo
value that can be used to convert the distributions, and if so, what
reference albedo should be used (Morbidelli et al. (2020) proposed
𝑝V,ref = 0.147).

Here we combine the absolute magnitude distribution from
NEOMOD2 (Nesvorný et al., 2024, hereafter Paper II) with the visible
vailable online 30 April 2024
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albedo information from WISE (Mainzer et al., 2011) to obtain the size
distribution of NEOs.

NEOMOD is an orbital and absolute magnitude model of NEOs
(Nesvorný et al., 2023b; hereafter Paper I). To develop NEOMOD, we
closely followed the methodology from previous studies (Bottke et al.,
2002; Granvik et al., 2018), and improved it when possible. Massive
numerical integrations were performed for asteroid orbits escaping
from eleven main belt sources. Comets were included as the twelfth
source. The integrations were used to compute the probability density
functions (PDFs) that define the orbital distribution of NEOs (perihelion
distance 𝑞 < 1.3 au, 𝑎 < 4.2 au) from each source. We developed a
ew method to accurately calculate biases of NEO surveys and applied
t to the Catalina Sky Survey (CSS; Christensen et al., 2012) in an
xtended magnitude range (15 < 𝐻 < 28). The MultiNest code
Feroz and Hobson, 2008; Feroz et al., 2009) was used to optimize
he (biased) model fit to CSS detections. The improvements included:
i) cubic splines to represent the magnitude distribution of NEOs, (ii)
physical model for disruption of NEOs at low perihelion distances

Granvik et al., 2016), (iii) an accurate estimate of the impact fluxes
n the terrestrial planets, and (iv) a flexible setup that can be readily
dapted to any current or future NEO survey. In Paper II (Nesvorný
t al. 2024) we extended NEOMOD to incorporate new data from CSS.2

Here we upgrade NEOMOD2 to include the WISE data. The main
oal is to obtain an accurate estimate of the size distribution of NEOs.
straightforward approach to this problem would be to use the WISE
easurements of NEO diameters, develop a debiasing procedure, and

nfer the size distribution from the WISE data alone. During the cryo-
enic portion of the mission, however, WISE only detected 428 unique
EOs (Mainzer et al., 2011), which can be compared to over ∼15,000
nique NEO detections by CSS between 2013 and 2022. The results of
he direct approach to this problem, as described above, would there-
ore suffer from (relatively) small number statistics. For this reason,
t is better to use the WISE measurements of visible albedo of NEOs,
ebias them, and combine the results with the absolute magnitude
istribution from NEOMOD2. This hybrid method takes advantage of
he full statistics from CSS and the realistic albedo distribution from

ISE.3
We test several models with different parameters. The simple model

nd its variant with the size-dependent albedo distribution, as described
n Section 4.1, have fewer parameters and are therefore presumably
ore robust. We use these models to obtain population estimates and

mpact fluxes. The simple model cannot account for potential depen-
ences of the albedo distribution on NEO orbit (e.g., outer main-belt
ources may be producing more dark NEOs than the inner main-belt
ources). We therefore develop a complex model where different NEO
ources have different contribution to NEOs with low and high albedos
Section 4.2; Morbidelli et al., 2020). The complex model correctly
eproduces the correlation of albedo with orbit inferred from the NE-
WISE data, but it has more parameters, and at least in some cases
ultiNest struggles to constrain them (e.g., the case of Phocaeas;
ection 4.2). The NEOWISE statistics with only 428 detections during
he cryogenic part of the mission (Mainzer et al., 2011) may be not
arge enough for the complex model to fully converge to a perfect

2 The camera of G96 (Mount Lemmon Observatory) was upgraded to a
ider field of view (FoV; 2.23◦ × 2.23◦) in May 2016 and the G96 telescope

detected 11,934 unique NEOs between May 31, 2016 and June 29, 2022. This
can be compared to only 2987 unique NEO detections of G96 for 2005–2012
(1.1◦ × 1.1◦ FoVs).

3 We considered using the Spitzer observations of NEOs (Trilling et al.,
2020) but found it difficult to accurately model the observational biases
involved in those observations. This is because NEOs observed by Spitzer were
elected based on their visual magnitudes. The Spitzer sample of NEOs is
herefore biased toward high albedos, especially for small NEOs. It was not
lear to us how to remove this bias because the selected NEOs were discovered
2

y different NEO surveys with different biases.
solution. In this situation, we find it best to stay conservative and
report a relatively large range of estimates that contains the results
of all explored models. Estimates for NEOs with diameters 𝐷 < 100

are subject to additional uncertainties, as the albedo distribution
or 𝐷 < 100 m needs to be extrapolated from the NEOWISE data for
> 100 m.

. The base model from Paper II

In NEOMOD2, the biased NEO model is defined as

b(𝑎, 𝑒, 𝑖,𝐻) = 𝑛(𝐻)(𝑎, 𝑒, 𝑖,𝐻)
𝑛s
∑

𝑗=1
𝛼𝑗 (𝐻) 𝑝𝑞∗ ,𝑗 (𝑎, 𝑒, 𝑖,𝐻) , (1)

here 𝑛(𝐻) is the differential absolute-magnitude distribution of the
EO population, (𝑎, 𝑒, 𝑖,𝐻) is the CSS’s detection probability, 𝛼𝑗 are

he magnitude-dependent weights of different sources (∑𝑗 𝛼𝑗 (𝐻) = 1),
s is the number of NEO sources, 𝑝𝑞∗ ,𝑗 (𝑎, 𝑒, 𝑖,𝐻) is the PDF of the orbital
istribution of NEOs from the source 𝑗, including the size-dependent
isruption at the perihelion distance 𝑞 (Paper I).

The model domain in 𝑎, 𝑒, 𝑖,𝐻 is divided into bins (see Table 2 in
aper I). To determine the survey’s detection probability in each bin,
e place a large number of test bodies in each bin, assume random
rbital longitudes, and test whether individual bodies are or are not
etected. This includes considerations related to the geometric bias
i.e., will an object appear in survey’s fields of view?), photometric sen-
itivity and trailing loss (Paper II). (𝑎, 𝑒, 𝑖,𝐻) is then calculated as the
ean probability that an object with 𝑎, 𝑒, 𝑖,𝐻 will be detected over the
hole duration of the survey. The orbital distributions 𝑝𝑞∗ ,𝑗 (𝑎, 𝑒, 𝑖,𝐻)
re obtained from numerical integrations described in Paper I. The
istributions are normalized such that ∫ 𝑝𝑞∗ ,𝑗 (𝑎, 𝑒, 𝑖,𝐻) d𝑎 d𝑒 d𝑖 = 1 for
ny 𝐻 .

There are three sets of model parameters in NEOMOD2: the (1)
oefficients 𝛼𝑗 , (2) parameters related to the absolute magnitude dis-
ribution of NEOs, and (3) priors that define the disruption model
Granvik et al., 2016). As for (1), we have 𝑛𝑠 = 12 sources in total: eight
ndividual resonances (𝜈6, 3:1, 5:2, 7:3, 8:3, 9:4, 11:5 and 2:1), weak
esonances in the inner belt, two high-inclination sources (Hungarias
nd Phocaeas), and comets.4 The intrinsic orbital distribution of model
EOs is obtained by combining all sources. The coefficients 𝛼𝑗 repre-

ent the relative contribution of each source to the NEO population
∑𝑛s
𝑗=1 𝛼𝑗 = 1). As the contribution of different sources to NEOs is size

ependent (Papers I and II), 𝛼𝑗 are functions of absolute magnitude;
e adopt a linear dependence for simplicity. As for (2), the differential
nd cumulative absolute magnitude distributions are denoted 𝑛(𝐻) =
𝑁∕d𝐻 and 𝑁(𝐻), respectively. We use cubic splines to represent
og10𝑁(𝐻) (Paper I). As for (3), we eliminate test bodies when they
each the critical distance 𝑞∗(𝐻). We assume that the 𝑞∗ dependence
n 𝐻 is (roughly) linear, and parameterize it by 𝑞∗ = 𝑞∗0 + 𝛿𝑞

∗(𝐻 −𝐻𝑞),
here 𝐻𝑞 = 20 (the choice of 𝐻𝑞 is arbitrary; 𝑞∗0 and 𝛿𝑞∗ are the model
arameters).

The MultiNest code is used to perform the model selection,
arameter estimation and error analysis (Feroz and Hobson, 2008;
eroz et al., 2009).5 For each MultiNest trial, Eq. (1) is constructed
y the methods described above. This defines the expected number of
vents 𝜆𝑗 = b(𝑎, 𝑒, 𝑖,𝐻) in every bin of the model domain, and allows
ultiNest to evaluate the log-likelihood

= −
∑

𝑗
𝜆𝑗 +

∑

𝑗
𝑛𝑗 ln 𝜆𝑗 , (2)

here 𝑛𝑗 is the number of objects detected by CSS in the bin 𝑗, 𝜆𝑗 is the
umber of objects in the bin 𝑗 expected from the biased model, and the

4 Note that all comets, including the short- and long-period comets, were
ncluded in NEOMOD and NEOMOD2. The Jupiter-family comets represent the
ominant part of cometary NEOs with short orbital periods (here 𝑎 < 3.5 au).

5 https://github.com/farhanferoz/MultiNest.

https://github.com/farhanferoz/MultiNest
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Fig. 1. The orbital distribution of NEOs from our intrinsic (debiased) model (NEO-
MOD2). We used the NEOMOD Simulator (Paper II) and generated 1.1 × 106 NEOs
with 15 < 𝐻 < 28. The distribution was marginalized over absolute magnitude and
binned using 100 bins in each orbital element (0.4 < 𝑎 < 3.5 au, 𝑒 < 1 and 𝑖 < 60◦).
Warmer colors correspond to orbits where NEOs are more likely to reside. In the plot
shown here, the maximum residence probability in a bin is normalized to 1. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

sum is executed over all bins in 𝑎, 𝑒, 𝑖 and 𝐻 (Paper I). There are 30
model parameters in total: 22 coefficients 𝛼𝑗 ,6 6 parameters that define
the magnitude distribution from splines (five slopes and the overall
normalization), and 2 parameters for the size-dependent disruption (𝑞∗0
and 𝛿𝑞∗).

Once MultiNest converges, the maximum likelihood parameters
can be used to define the intrinsic (debiased) NEO model

(𝑎, 𝑒, 𝑖,𝐻) = 𝑛(𝐻)
𝑛𝑠
∑

𝑗=1
𝛼𝑗 (𝐻) 𝑝𝑞∗ ,𝑗 (𝑎, 𝑒, 𝑖,𝐻) . (3)

Figs. 1 and 2 show the orbital and absolute magnitude distributions
from NEOMOD2. The orbital distribution in Fig. 1 is consistent with
the NEO model from Granvik et al. (2018). The absolute magnitude
distribution in Fig. 2 is similar to the one reported in Harris and
Chodas (2021, 2023) for 𝐻 < 25, but shows a shallower slope and
fewer NEOs for 𝐻 > 25 (see Paper II for a discussion). It has to be
noted that the distribution presented in Harris and Chodas (2021, 2023)
assumed fixed slopes for 𝐻 > 26. This is because there is a statistically
insignificant number of re-detection for 𝐻 > 26 and the re-detection
method does not give useful results for these faint magnitudes.

3. Methods

3.1. NEO detections by cryogenic NEOWISE

WISE is a NASA mission designed to survey the entire sky in
four infrared wavelengths: 3.4, 4.6, 12 and 22 μm, denoted 𝑊 1, 𝑊 2,

6 To define the linear dependence of 𝛼𝑗 on 𝐻 , we define two sets of 𝛼𝑗
coefficients for bright and faint NEOs, and linearly interpolate between them.
For 𝑛s = 12 sources, this represents 11 coefficients at the bright end (the
contribution of the last source can be computed from ∑

𝑗 𝛼𝑗 (𝐻) = 1) and 11
coefficients on the faint end.
3

Fig. 2. The intrinsic (debiased) absolute magnitude distribution of NEOs from NEO-
MOD2 (Paper II, the black line is a median) is compared to the magnitude distribution
from Harris and Chodas (2021) (red line). The gray area is the 3𝜎 envelope obtained
from the posterior distribution computed by MultiNest. It contains – by definition –
99.7% of our base model posteriors. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

Fig. 3. The orbits and albedos of 428 NEOs detected during the cryogenic portion
of the WISE mission. The darker the dot, the lower the albedo. The size of a dot is
proportional to asteroid diameter. There is a general trend with brighter asteroids being
more prevalent for 𝑎 < 2 au (77% of NEOWISE NEOs have 𝑝𝑉 > 0.1) than for 𝑎 > 2 au
(66% have 𝑝𝑉 > 0.1).

𝑊 3 and 𝑊 4, respectively (Mainzer et al., 2005; Liu et al., 2008).
The survey began on January 14, 2010. The mission exhausted its
primary tank cryogen on August 5, 2010 and secondary tank cryogen
on October 1, 2010. An augmentation to the WISE processing pipeline,
NEOWISE, permitted a search and characterization of moving objects.
The survey has yielded observations of over 157,000 minor planets,
including NEOs, main belt asteroids, comets, Trojans, Centaurs and
Kuiper belt objects (Mainzer et al., 2011). The survey was continued as
the NEOWISE Post-Cryogenic Mission using only bands 𝑊 1 and 𝑊 2.

For the purposes of determining the debiased population of NEOs, in
this paper, we only consider NEOs detected during the fully cryogenic
portion of WISE. This data set consists of 428 NEOs (Fig. 3), of which
314 were rediscoveries of objects known previously and 114 were NE-
OWISE discoveries (Mainzer et al., 2011). The ranges of visual albedos,
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diameters and absolute magnitudes of NEOs detected by NEOWISE are
0.01 < 𝑝V ≲ 0.5, 0.1 < 𝐷 < 10 km and 13 ≲ 𝐻 ≲ 23, respectively.

The non-cryogenic portion of WISE is not considered here, because
the 𝑊 1 and 𝑊 2 bands mix the reflected light with thermal emission,
and are less useful for accurate albedo determinations. The cryogenic
NEOWISE sample is only weakly biased with respect to visible albedo.
For comparison, a survey in visible wavelengths such as CSS typically
detects objects to some limiting apparent magnitude 𝑉lim. This results
in a magnitude-limited sample where the population is characterized
to some faint absolute magnitude limit, 𝐻lim; bodies with low visual
albedos can be severely underrepresented for 𝐻 < 𝐻lim (Appendix).

.2. Thermal infrared bias

The intrinsic albedo distribution of NEOs is close but not exactly
qual to that of NEOs detected by NEOWISE. This is because objects
ith low visible albedo absorb more sunlight and emit more thermal

adiation; they are therefore more easily detected in infrared wave-
engths. The NEOWISE sample is thus (slightly) biased toward NEOs
ith low visual albedos. This is only a modest effect for 𝐷 > 1 km

(Mainzer et al., 2011), because large bodies with low and high albedos
were detected nearly equally well by NEOWISE, but it can become
increasingly important for 𝐷 < 1 km NEOs for which the thermal
emission in the 𝑊 3 band can be weak.

We used the Near-Earth Asteroid Thermal Model (NEATM) model
(Harris, 1998) to account for the thermal infrared bias. NEATM adopts
several simplifying assumptions. Objects are assumed to be perfectly
spherical. NEATM does not physically account for thermal inertia – it
empirically models it using the beaming parameter, 𝜂. Mainzer et al.
(2011) fitted 𝜂 for 313 NEOs with measurements in two or more
thermal bands and found the median value 𝜂 = 1.4. We tested different
values of 𝜂 in a 0.4 range around 𝜂 = 1.4 and found that the results are
not sensitive to this choice. We therefore adopted 𝜂 = 1.4 as a fiducial
value. The color corrections from Wright et al. (2010) were applied.

Here we model NEOWISE detections in the 𝑊 3 band, which was
available only during the cryogenic portion of the WISE mission, and
had better sensitivity than the 𝑊 4 band (surface temperatures of NEOs
imply peak black body emission near the center of 𝑊 3). The detection
in the 𝑊 3 band is therefore a good proxy for NEO detection by NEO-
WISE and a reliable measurement of asteroid albedo. The photometric
detection probability of NEOWISE as a function of 𝑊 3 magnitude was
obtained as a ratio of detected and available NEOs in Mainzer et al.
(2011). Adopting their Eq. (3), we have

𝑃 (𝑊 3) =
𝜖0

1 + exp
(

𝑊 3−𝑊 3lim
𝑊 3wid

) (4)

ith 𝜖0 = 0.9, 𝑊 3lim = 10.25 and 𝑊 3wid = 0.2. This is the same
unctional form that we used to model CSS detections in the apparent
agnitude 𝑉 in Paper I. The parameters 𝜖0, 𝑊 3lim and 𝑊 3wid were

ixed to provide the best fit to the median detection probabilities shown
n Fig. 11 in Mainzer et al. (2011). We verified that small changes of
hese parameters do not substantially affect the results reported here.

To understand the thermal infrared bias in detail, we used the
EOMOD simulator (Paper II) and generated orbital elements 𝑎, 𝑒
nd 𝑖 of 105 model NEOs. The orbits were given a uniformly random
istribution of orbital longitudes. For each diameter set, all bodies
ere assigned the same value of visible albedo 𝑝V and the detection
robabilities in the 𝑊 3 band were computed individually for them.
o respect the observing strategy of WISE, observations were assumed
o happen in a narrow range of solar elongation about 90◦. We then
omputed the average detection probability (𝐷, 𝑝V) and analyzed it
s a function of 𝑝V. This test shows that the detection probability is
elatively insensitive to asteroid albedo, at least in the size range of
EOs detected by NEOWISE (𝐷 ≳ 100 m). For example, for 𝐷 = 0.3 km,

he detection probability decreases from ≃4.2% for 𝑝V = 0 to ≃3.1% for
= 0.5.
4

V

.3. Albedo distribution

There are three model parameters related to the albedo distribution.
ollowing Wright et al. (2016), we assume that the differential albedo
istribution of NEOs can be approximated by a sum of two Rayleigh
istributions

(𝑝V) = 𝑓d
𝑝V
𝑑2

exp

(

−
𝑝2V
2𝑑2

)

+ (1 − 𝑓d)
𝑝V
𝑏2

exp

(

−
𝑝2V
2𝑏2

)

, (5)

with parameters 𝑓d, 𝑑 (the scale parameter for low-albedo or 𝑑ark
NEOs) and 𝑏 (the scale parameter for high-albedo or 𝑏right NEOs),

here 𝑓d is the fraction of NEOs in the low-albedo Rayleigh distribution
(the first term in Eq. (5)). This functional form has fewer parameters
than the double Gaussian distribution in Mainzer et al. (2011) and 𝑝(𝑝V)
falls to zero for 𝑝V → 0 – a desirable property of any physical model.

Wright et al. (2016) determined 𝑓d = 0.253, 𝑑 = 0.030 and 𝑏 = 0.168
or NEOs detected by cryogenic NEOWISE. Here we assume that Eq. (5)
an be used for the debiased population as well and determine 𝑓d, 𝑑 and
𝑏 via the MultiNest fit. Mainzer et al. (2011) did not find any strong
evidence for a correlation between albedo and size. For simplicity, we
can thus assume that 𝑓d, 𝑑 and 𝑏 are unchanging with size (Section 3.5).

3.4. Combining CSS and NEOWISE

The main objective of our work is to calibrate NEOMOD3 simul-
taneously from the CSS and NEOWISE data. CSS has a large number
of detections, over 15,000 NEOs from 2013 to 2022, which helps to
accurately characterize the absolute magnitude distribution of NEOs as
faint as 𝐻 = 28. The NEOWISE data set gives us the albedo distribution
of NEOs and allows us to convert the absolute magnitude distribution
into the size distribution (Section 3.8).

In Paper I, we described a method that can be used to combine
constraints from any number of surveys, and illustrated it for the 703
and G96 telescopes. In Paper II, we used the same method to combine
the G96 data from 2013–2016 (before the G96 camera upgrade) with
the G96 data from 2016–2022 (after the G96 camera upgrade). The
method consists in dealing with the surveys separately and evaluating
the likelihood term in Eq. (2) for each of them. The likelihood terms of
different surveys are then simply summed up. We previously developed
and used this method for visible surveys but it can be used for infrared
surveys as well.

To use this method here, we would need to compute the detection
probability of NEOWISE as a function of the orbital elements 𝑎, 𝑒, 𝑖
(orbital longitudes can be ignored in the first approximation, but see
JeongAhn and Malhotra (2014)), absolute magnitude 𝐻 (or diameter
𝐷) and visible albedo 𝑝V. The detection probability has two parts: the
geometric detection probability that an object will appear in WISE
images and the photometric detection probability. The photometric de-
tection probability is obtained from Eq. (4). To evaluate the geometric
probability, we would need to collect the pointing history of WISE and
link it with the Asteroid Survey Simulator (AstSim) package (Naidu
et al., 2017), in much the same way this was done for CSS (Papers I
and II). There would be no convenient way around this if the WISE
observations were used on their own. Here, however, CSS provides a
much stronger constraint on the absolute magnitude distribution. In
this situation, it makes better sense to fix parameters of the base model
from CSS (Paper II) and infer the (debiased) albedo distribution from
NEOWISE.

3.5. Simple MultiNest fits

A simple (biased) visible-albedo model of the NEO population can
be defined as

 (𝑝 ; 𝑎, 𝑒, 𝑖, 𝐷) = (𝑝 ; 𝑎, 𝑒, 𝑖, 𝐷) 𝑝(𝑝 ) , (6)
b V 𝑉 V
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where  is the NEOWISE (photometric) detection probability (Sec-
tion 3.2), and 𝑝(𝑝V), as given in Eq. (5), is assumed to be independent
of 𝑎, 𝑒, 𝑖, 𝐷. We consider 50 albedo bins for 0 < 𝑝V < 1 and produce a
binned version of b (with the standard binning in 𝑎, 𝑒, 𝑖; Paper I). We
only consider bins in 𝑎, 𝑒, 𝑖, 𝐷 where there were NEOWISE detections
— all other bins are ignored. For each detected object, we find the bin
in (𝑎, 𝑒, 𝑖, 𝐷) to which it belongs, and compute the detection probability
 for fixed 𝑎, 𝑒, 𝑖, 𝐷 and changing 𝑝V. This is done by placing a large
number of bodies in each albedo bin, adopting the same diameter
for all of them from NEOWISE, running the NEATM model for all of
them to determine the 𝑊 3 magnitude in each case, and averaging the
detection probability in the 𝑊 3 band (Eq. (4)) over the whole sample
Section 3.2).

In a bin 𝑘 in (𝑎, 𝑒, 𝑖, 𝐷), where there were 𝑛𝑘 =
∑

𝑙 𝑛𝑘,𝑙 > 0 NEOWISE
detections (typically 𝑛𝑘 = 1), where index 𝑙 runs over the albedo bins,
we define 𝜆𝑘,𝑙 = b(𝑝V; 𝑎, 𝑒, 𝑖, 𝐷) and normalize it such that ∑𝑙 𝜆𝑘,𝑙 = 𝑛𝑘
(we are not interested in the absolute calibration). The log-likelihood
in MultiNest is defined as

 = −
∑

𝑘,𝑙
𝜆𝑘,𝑙 +

∑

𝑘,𝑙
𝑛𝑘,𝑙 ln 𝜆𝑘,𝑙 , (7)

where index 𝑘 runs over bins in 𝑎, 𝑒, 𝑖, 𝐷 with NEOWISE detections (and
index 𝑙 over all albedo bins). MultiNest is then asked to determine
parameters 𝑓d, 𝑑 and 𝑏 (Eq. (5)) by maximizing the log-likelihood
in Eq. (7). This gives us, via Eq. (5), the intrinsic (debiased) albedo
distribution of NEOs. Note that the simple albedo model, as described
here, does not need any input from NEOMOD.

3.6. Complex MultiNest fits

The simple albedo model can be generalized to account for the
fact that different NEO sources may have different contribution to
NEOs with low and high albedos (Morbidelli et al., 2020). This is
done by generalizing 𝑓d to have 𝑛s = 12 coefficients 𝑓d,𝑗 that define
the contribution of dark NEOs (i.e., NEOs in the low-albedo Rayleigh
distribution in Eq. (5)) individually for each source. In this case, the
biased model is defined as

b(𝑝V; 𝑎, 𝑒, 𝑖, 𝐷) = (𝑝V; 𝑎, 𝑒, 𝑖, 𝐷)
𝑛𝑠
∑

𝑗=1
𝑝𝑗 (𝑝V) 𝛼𝑗 (𝐻(𝐷, 𝑝V)) 𝑝𝑞∗ ,𝑗

× (𝑎, 𝑒, 𝑖,𝐻(𝐷, 𝑝V)) (8)

with

𝑝𝑗 (𝑝V) = 𝑓d,𝑗
𝑝V
𝑑2

exp

(

−
𝑝2V
2𝑑2

)

+ (1 − 𝑓d,𝑗 )
𝑝V
𝑏2

exp

(

−
𝑝2V
2𝑏2

)

, (9)

being the albedo distribution of source 𝑗. Here, 𝐻(𝐷, 𝑝V) = −5 log10
𝐷
√

𝑝V∕𝑐) with 𝑐 = 1329 km (Russell, 1916). The contributions of dif-
ferent sources, 𝛼𝑗 (𝐻), and 𝑝𝑞∗ ,𝑗 (𝑎, 𝑒, 𝑖,𝐻) are obtained from NEOMOD2
(these parameters are held fixed in the new fit). Again, as we are not
interested in the absolute calibration, we define 𝜆𝑘,𝑙 = b(𝑝V; 𝑎, 𝑒, 𝑖, 𝐷)
and normalize it such that ∑

𝑙 𝜆𝑘,𝑙 = 𝑛𝑘. The MultiNest code is
asked to determine the 14 parameters 𝑓d,𝑗 , 𝑑 and 𝑏 by maximizing the
log-likelihood in Eq. (7).7

3.7. A note on coupling of model parameters

The two algorithms described in Sections 3.5 and 3.6 represent
a good compromise between: (1) simplicity (i.e., number of model
parameters; complicated albedo models cannot be robustly constrained
from the NEOWISE data), (2) realism (e.g., we cannot ignore obvious
biases; Sections 3.2 and 5.1), and (3) CPU expense. We experimented

7 Note that this algorithm does not account for a viable possibility that
he albedo distribution of NEOs from source 𝑗 can be size dependent (see
ection 5.1).
5

p

with several different methods. For example, we explored algorithms
to simultaneously determine the CSS and NEOWISE parameters in a
single fit. For the complex MultiNest fit (Section 3.6), this represents
30 model parameters for CSS and 14 parameters for NEOWISE (twelve
coefficients 𝑓d,𝑖, 𝑑 and 𝑏). In this case, we obtained the same values
(and uncertainties) of model parameters as in the method described
in Section 3.6. This shows that the CSS and NEOWISE parameters
are uncorrelated. The 44 parameter approach is, however, very CPU
expensive.

3.8. From 𝐻 and 𝑝V to the size distribution

It is not obvious how to convert the absolute magnitude and albedo
distributions to the size distribution. This is because the albedo distri-
bution, as obtained from NEOWISE,

𝜙(𝑝V) =
d𝑁
d𝑝V

|

|

|𝐷=const
, (10)

s the albedo distribution of NEOs for a fixed size (or in a size range),
nd, for a simple conversion, we would need the albedo distribution
or a fixed absolute magnitude (or in an absolute-magnitude range),

′(𝑝V) =
d𝑁
d𝑝V

|

|

|𝐻=const
. (11)

These two albedo distributions are different, 𝜙(𝑝V) ≠ 𝜙′(𝑝V), be-
cause the distribution in the absolute-magnitude range has a larger
contribution of asteroids with higher albedos (Appendix).8

It can be shown that the three differential distributions, 𝑛(𝐻) =
d𝑁∕d𝐻 , 𝜓(𝐷) = d𝑁∕d𝐷 and 𝜙(𝑝V) are related via the integral equation

(𝐻) = 1
𝜅 ∫

1

0
d𝑝V 𝜙(𝑝V)𝐷𝜓(𝐷) , (12)

where 𝜅 = −5∕ ln 10 and 𝐷 = 𝐷(𝐻, 𝑝V) = 𝑐10−𝐻∕5∕
√

𝑝V (𝐷 must be
substituted for𝐻 and 𝑝V before the integral is evaluated). Eq. (12) needs
to be solved to obtain 𝜓(𝐷). We experimented with several approaches
to this problem. It turns out that Eq. (12) can be transformed, via
substitutions of variables, to the integral Volterra equation of the
first kind. It can be inverted to obtain 𝜓(𝐷) via the matrix inversion
algorithm (Press et al., 1992) or Fourier transform (Muinonen et al.,
1995).

We opted for a different method in this work. We assumed that
𝜓(𝐷) can be parameterized by cubic splines in much the same way as
(𝐻) (Paper I), used the same number of segments for 𝜓(𝐷) as for 𝑛(𝐻)
nd converted the segment boundaries from 𝐻 to 𝐷 with a reference
lbedo 𝑝V,conv. The Simplex algorithm from Numerical Recipes (Press
t al., 1992) was then employed to minimize a 𝜒2-like quantity, and
ind the (cumulative) power-slope indices 𝛽𝑗 in all segments, and 𝑝V,conv.
his procedure works perfectly well (Section 4). We tested it by first
etermining 𝜓(𝐷), and then computing new 𝑛(𝐻) from 𝜓(𝐷) and 𝜙(𝑝V)
ia Eq. (12); this recovers the original distribution 𝑛(𝐻) without any
ignificant errors. The spline approach described here has the advan-
age of having 𝜓(𝐷) immediately represented by splines — the slopes
n each segment have physical meaning and the size distribution is easy
o generate (e.g., in NEOMOD Simulator).

8 Mainzer et al. (2011) faced the same problem and employed a Monte
arlo algorithm to obtain the size distribution. According to our tests, their
lgorithm is not rigorous and can lead to a factor of ∼2 differences in the
nferred size distribution. This is because one cannot combine the size-based
lbedo distribution 𝜙(𝑝V) and the absolute-magnitude distribution of NEOs
o directly infer the size distribution. Instead, one has to resolve the inverse

roblem presented by Eq. (12).
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Fig. 4. The posterior distribution of model parameters from our simple MultiNest fit (Section 3.5). The individual plots are labeled (1) to (3) following the model parameter
sequence given in Table 1.
Table 1
The median and uncertainties of our simple (global) model parameters (Section 3.5).
The first column is the parameter/plot label in Fig. 4. The uncertainties reported here
were obtained from the posterior distribution produced by MultiNest.

Label Parameter Median −𝜎 +𝜎

(1) 𝑓d 0.233 0.028 0.030
(2) 𝑑 0.029 0.003 0.003
(3) 𝑏 0.170 0.006 0.006

4. Results

4.1. Simple fits

We first discuss results from the simple MultiNest fits (Sec-
tion 3.5). Table 1 reports the median and uncertainties for three model
parameters that we obtain from a global fit to NEOWISE. Globally, the
debiased albedo distribution of NEOs can be represented by Eq. (5)
with 𝑑 = 0.029 ± 0.003, 𝑏 = 0.170 ± 0.006 and 𝑓d = 0.233 ± 0.030. This
compares well with Wright et al. (2016), who found 𝑑 = 0.030, 𝑏 = 0.167
and 𝑓d = 0.253 from a direct fit to the (biased) albedo distribution of
NEOs detected by NEOWISE, and shows that the thermal infrared bias
(Section 3.2) is not excessively important. Nominally, our best-fit 𝑓d
value is slightly lower than the one from Wright et al. (2016) (but note
the large uncertainty), which means that the contribution of dark NEOs
is slightly reduced in the debiased distribution, exactly as one would
expect when the thermal bias is accounted for. Unfortunately, with
the relatively small statistics from cryogenic NEOWISE detections, the
uncertainties of the derived parameters are relatively large (Table 1 and
6

Table 2
The normalization parameter (𝑁ref ) and cumulative slopes (𝛽𝑗 = d log𝑁∕d log𝐷)
from our (debiased) size distribution models of NEOs. The constant albedo model
was obtained from the global (simple) fit to all NEOWISE data. The variable (i.e.,
size-dependent) albedo model was constructed from fits in different size ranges
(Section 4.1). The parameter 𝑁ref calibrates the size distribution for 𝐷 > 1 km. Note
that the actual size distribution is computed from cubic splines that smoothly connect
the slopes in different segments (Figs. 6 and 8). The number of 𝐷 > 1 km NEOs is thus
(slightly) larger than 𝑁ref (Paper I).

Parameter 𝐷 range Value 𝐷 range Value
(km) (km)

Constant albedo model Variable albedo model
𝑁ref – 777 ± 24 – 813 ± 24
𝛽1 0.001–0.028 2.54 ± 0.03 0.001–0.026 2.53 ± 0.03
𝛽2 0.028–0.044 2.73 ± 0.03 0.026–0.041 2.75 ± 0.03
𝛽3 0.044–0.278 1.50 ± 0.02 0.041–0.261 1.50 ± 0.02
𝛽4 0.278–0.876 1.85 ± 0.03 0.261–0.824 1.72 ± 0.02
𝛽5 0.876–1.389 1.86 ± 0.06 0.824–1.306 1.66 ± 0.05
𝛽6 1.389–30.00 2.63 ± 0.09 1.306–30.00 2.58 ± 0.09

Fig. 4). A comparison of the biased model with NEOWISE detections
(Fig. 5) demonstrates that the model is acceptable.

We used the method described in Section 3.8 to determine the size
distribution of NEOs (Fig. 6). The best-fit size distribution is represented
by splines in six diameter segments (Table 2). We find a relatively steep
slope for 𝐷 < 50 m (𝛽 ≃ 2.5–2.8) and a bending, concave profile for
𝐷 > 100 m. We estimate ≃6.5×106 NEOs with 𝐷 > 10 m, ≃30,000 NEOs
with 𝐷 > 100 m, and ≃780 NEOs with 𝐷 > 1 km. These estimates were
obtained from the global (simple) fit where the albedo distribution was
held constant over the whole range of diameters.
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Fig. 5. The global model for the biased albedo distribution of NEOs (black lines are the median) is compared to NEOWISE detections (red lines). The plot on the left shows
the differential distributions, the plot on the right shows the cumulative distributions. The shaded areas in the left panel are 1𝜎 (bold gray), 2𝜎 (medium) and 3𝜎 (light gray)
nvelopes. We used the best-fit solution (i.e. the one with the maximum likelihood) from the base model and generated 10,000 random samples with 428 NEOs each (the sample
ize identical to the number of NEOs detected by NEOWISE in the model domain). The samples were biased and binned with the standard binning. We identified envelopes
ontaining 68.3% (1𝜎), 95.5% (2𝜎) and 99.7% (3𝜎) of samples and plotted them here. The Kolmogorov–Smirnov test indicates a large probability that the two distributions – the
iased model and NEOWISE detections – are the same. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 6. The size distribution of NEOs from our simple model (red line; Sections 3.5
and 3.8) is compared to the size distributions constructed from the best-fit absolute
magnitude distribution in Paper II and reference visual albedo 𝑝V = 0.14 (dashed line)
nd 0.17 (solid line). The albedo distribution of NEOs used here comes from a global
it to the NEOWISE data. It is held constant over the whole range of diameters shown
n the plot. (For interpretation of the references to color in this figure legend, the
eader is referred to the web version of this article.)

We also considered cases with the size-dependent albedo distri-
ution, 𝜙 = 𝜙(𝑝V;𝐷). The motivation for this comes from the NEO-
ISE data. For example, the mean albedo of NEOs computed from all

ryogenic NEOWISE measurements is ⟨𝑝V⟩ = 0.165. If the NEOWISE
detections are split according to object’s size, however, we find that
the mean albedo for 𝐷 > 1 km is ⟨𝑝V⟩ = 0.135 and the mean albedo
for 𝐷 < 1 km is ⟨𝑝V⟩ = 0.182, suggesting some dependence of albedo
on size.9 To test the possible size dependence, simple MultiNest fits
were performed for NEOs of different sizes. We found, indeed, that the

9 This trend with smaller NEOs having (slightly) higher albedos is opposite
o that expected from the thermal bias. It probably reflects the size-dependent
ontribution of main belt sources to NEOs (Section 4.2).
7

Table 3
The estimated number of NEOs, 𝑁(𝐷), larger than diameter 𝐷. In the second column,

1(𝐷) stands for the estimates obtained from the global (simple) model to all NEOWISE
ata. In the third column, 𝑁2(𝐷) is based on the fixed albedo model obtained for
< 𝐷 < 3 km and used for all NEOs. In the fourth column, 𝑁3(𝐷) corresponds to

he variable albedo model constructed with the methods described in Section 4.1. The
ange of estimates given here roughly expresses the uncertainty related to the albedo
istribution. The ranges given in the abstract and conclusions, 830 ± 60 NEOs with
> 1 km and 20,000 ± 2000 NEOs with 𝐷 > 140 m, conservatively contain different

stimates from all models presented here, including the complex model results from
ection 4.2.

𝑁1(𝐷) 𝑁2(𝐷) 𝑁3(𝐷)

𝐷 > 1 km 779 891 828
𝐷 > 300 m 7 330 8 208 6 620
𝐷 > 140 m 20,000 22,100 18,000
𝐷 > 100 m 30,200 33,500 27,000
𝐷 > 30 m 368,000 427,000 307,000

parameters 𝑓d, 𝑑 and 𝑏 change with size (Fig. 7).10 The results of these
fits were interpolated to obtain 𝜙(𝑝V;𝐷). The size distribution was then
constructed with 𝜙(𝑝V;𝐷) (Fig. 8). Table 3 reports our best estimates
for the number of NEOs for the size-independent and size-dependent
albedo distributions.

Our estimates are subject to several uncertainties: (1) We used the
absolute-magnitude distribution from NEOMOD2 where the dominant
source of error – at least for 𝐻 < 25 (CSS debiasing may have intro-
duced additional errors for 𝐻 > 25) – was statistical in nature. In Paper
II we estimated that this represented the relative uncertainty of ≃3%
for 𝐻 < 25. (2) There is an important and potentially systematic uncer-
tainty related to the absolute magnitude values reported in the Minor
Planet Center (MPC) catalog (Pravec et al., 2012; Harris and Chodas,
2023). As we discussed in Paper II, due to shifting magnitude values,
the number of known NEOs with 𝐻 < 17.75 reported by MPC decreased
by 49 from October 19, 2022 (our MPC download for Paper II) and
March 13, 2023 (MPC download from Harris and Chodas (2023)). If
this trend holds, the number of 𝐷 > 1 km NEOs would be substantially
revised. (3) Finally, there is the uncertainty arising from the albedo
distribution of NEOs. From the simple MultiNest fits reported here,
we conservatively estimate that the associated uncertainty is <10% for
𝐷 > 100 m (Table 3).11

10 The formal uncertainty of 𝑓d is large and the extrapolation to 𝐷 < 100 m
s even more uncertain.
11 The uncertainty for 𝐷 < 100 m is larger because NEOWISE detected only

a small number of NEOs with 𝐷 < 100 m. The albedo distribution of NEOs
with 𝐷 < 100 m is therefore uncertain.



Icarus 417 (2024) 116110D. Nesvorný et al.

f
f
e
i
i
t

(
t
t

F
W

Fig. 7. The fraction of NEOs in the dark Rayleigh peak (𝑓d; Section 3.3) obtained
rom different MultiNest fits. The blue symbol and the errors bars show results
rom the global (simple) fit to all NEOWISE observations. The red symbols and the
rrors bars show results for fits in different size ranges. The dashed lines indicate the
nterpolated values used in the model with the size-dependent albedo distribution. (For
nterpretation of the references to color in this figure legend, the reader is referred to
he web version of this article.)

Fig. 8. The size distribution of NEOs from our size-dependent albedo model (red line)
is compared to the size distributions constructed from the best-fit absolute magnitude
distribution in Paper II and reference visual albedo 𝑝V = 0.14 (dashed line) and 0.17
solid line). The size-dependent albedo distribution adopted here was constructed with
he methods described in Section 4.1. (For interpretation of the references to color in
his figure legend, the reader is referred to the web version of this article.)

Accounting for items (1) and (3), we estimate 830 ± 60 NEOs with
𝐷 > 1 km and 20,000 ± 2000 NEOs with 𝐷 > 140 m. These are the values
quoted in the abstract and conclusions. The ranges given here contain
all estimates from different models reported in Table 3, and include the
complex model results described in Section 4.2. This is a conservative
approach, because the differences between different model results are
generally larger than statistical uncertainties of individual models. See
Paper II for a method that can be used to rescale these estimates from
item (2).

Related to the NASA goal to discover 90% of 𝐷 > 140 m NEOs,
ig. 9 shows the absolute magnitude distribution for 𝐷 > 140 m NEOs.
e used the NEOMOD Simulator and generated all model NEOs with
8

Fig. 9. The fraction of diameter 𝐷 > 140 m NEOs having magnitudes brighter than
𝐻 . To reach a 90% completion for 𝐷 > 140 m, telescopic observations in visible
wavelengths would need to detect all NEOs brighter than 𝐻 = 22.2.

Table 4
The median and uncertainties of our complex model parameters. The first column is
the parameter/plot label in Fig. 10. The uncertainties reported here were obtained
from the posterior distribution produced by MultiNest. For parameters, for which
the posterior distribution shown in Fig. 4 peaks near zero, the last column reports the
upper (68.3% of posteriors fall between zero and that limit) or lower limit (68.3% of
posteriors fall between that limit and one).

Label Parameter Median −𝜎 +𝜎 Limit

(1) 𝑓d(𝜈6) 0.037 0.025 0.044 0.054
(2) 𝑓d(3:1) 0.069 0.048 0.080 0.103
(3) 𝑓d(5:2) 0.247 0.165 0.232 –
(4) 𝑓d(7:3) 0.498 0.329 0.334 –
(5) 𝑓d(8:3) 0.721 0.217 0.173 –
(6) 𝑓d(9:4) 0.498 0.334 0.336 –
(7) 𝑓d(11:5) 0.814 0.204 0.129 0.723
(8) 𝑓d(2:1) 0.599 0.193 0.179 –
(9) 𝑓d(inner) 0.335 0.156 0.159 –
(10) 𝑓d(Hun) 0.149 0.104 0.169 0.222
(11) 𝑓d(Pho) 0.761 0.170 0.143 –
(12) 𝑓d(comets) 0.463 0.308 0.342 –
(13) 𝑑 0.027 0.002 0.003 –
(14) 𝑏 0.172 0.006 0.006 –

𝐷 > 140 m. The results are plotted as a cumulative distribution of 𝐻
in Fig. 9. The distribution can be understood to indicate the fraction of
𝐷 > 140 m NEOs having magnitudes brighter than 𝐻 . This information
is relevant for the future telescopic surveys such as the Legacy Survey of
Space and Time (LSST) of the Vera C. Rubin Observatory. For example,
to reach a 90% completion for 𝐷 > 140 m, telescopic observations
would need to detect all NEOs brighter than 𝐻 = 22.2 or >90% of
NEOs brighter than 𝐻 = 24. For reference, the current completeness
for 𝐻 < 22 and 𝐻 < 24 is only ≃ 48% and ≃ 15%, respectively (Paper
II).

4.2. Complex fits

While the simple models described in the previous section can be
used to infer the albedo dependence on size, they cannot account
for any albedo variation with orbit. There is some evidence in the
NEOWISE data that the albedo distribution can be orbit dependent.

For example, NEOs with 𝐷 > 1 km and 𝑝V < 0.1 represent only ≃40%
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of all NEOs with 𝐷 > 1 km for 𝑎 < 2 au, but ≃56% for 𝑎 > 2 au,
suggesting that the fraction of dark NEOs increases with the semimajor
axis (Fig. 3). This trend is expected because NEOs should reflect the
taxonomic distribution of asteroids in the main belt, where dark (C-
complex) bodies become more common with increasing semimajor axis
(DeMeo et al., 2009; Mainzer et al., 2019; Marsset et al., 2022). This
motivates us to consider the complex MultiNest fits from Section 3.6,
where individual main belt sources can have different contributions to
dark and bright NEOs.

Table 4 and Fig. 10 report model parameters from the complex
MultiNest fit. The complex model matches the NEOWISE data better
than our simple model. The statistical preference for a model is given
by the Bayes factor evaluated by MultiNest. We obtain 𝛥 ln = 15.9,
indicating a strong preference for the complex model. This can be
readily understood because the complex model correctly emulates both
the albedo dependence on size (Fig. 11) and orbit (Fig. 12). The fraction
of dark NEOs (𝑝V < 0.1) is found to increase with the semimajor axis.
This is expected because dark (C-complex) asteroids are more common
near NEO sources in the outer main belt. For 1 < 𝑎 < 2 au the fraction
of NEOs with 𝑝V < 0.1 is 25 ± 15%; it increases to 65 ± 15% at 𝑎 ∼ 3
au.12

The NEOWISE data do not provide sufficient information to con-
strain all (complex) model parameters. For example, the posterior
distribution for 𝑓d,𝑗 parameters corresponding to 7:3, 9:4 and comets
is nearly uniform between 0 and 1 (Fig. 10). This happens because
these sources do not have a significant contribution to NEOs anyway
(NEOMOD2 only gives a <2% contribution for them; Paper II). In
some cases, such as Hungarias, we only obtain an upper bound with
𝑓d < 22%. In other cases, such as the 11:5 resonance, we obtain a
lower bound with 𝑓d > 72%. The upper (lower) limits mean that the
low-albedo (high-albedo) bodies should represent the great majority of
NEOs produced from that source.

In general, the contribution of sources to dark NEOs correlates with
the semimajor axis. The inner belt sources such as 𝜈6 and 3:1 have low
contributions, and the outer belt sources such as 11:5 and 2:1 have high
contributions (Fig. 13). A similar trend was reported in Morbidelli et al.
(2020). As in Morbidelli et al. (2020), here we also find a relatively
large contribution to dark NEOs from Phocaeas (≃50% for 𝑝V < 0.1 in
Morbidelli et al. and >65% for 𝑝V < 0.1 here).13 This is inconsistent with
other observational evidence which suggests that Phocaeas are mostly
bright (S-type) asteroids (DeMeo et al., 2009; about 1/3 of Phocaeas
have 𝑝V < 0.1, Mainzer et al., 2019).14 The problem may arise from
the relatively low statistics of NEOWISE detections: a handful of dark
NEOs were detected by NEOWISE on high-inclination orbits where the
Phocaea source is expected to contribute. Either that, or we are missing
a source of dark NEOs on high inclination orbits.

12 The relative paucity of dark NEOs detected by NEOWISE for 𝑎 < 1 au
(or 𝑞 < 0.25 au) has been suggested to result from catastrophic disruptions
of dark, primitive, and presumably fragile NEOs that evolve onto orbits with
low perihelion distances (Morbidelli et al., 2020). This effect was included in
NEOMOD2 but we did not distinguish between bright and dark NEOs in Paper
II.

13 To compute the fraction of 𝑝V < 0.1 NEOs from Phocaeas, we used
d(Pho) = 0.76 (Table 3) and summed up the contributions of dark and bright
ayleigh distributions from Phocaeas to 𝑝V < 0.1.
14 Novaković et al. (2017) identified a dark and relatively young asteroid

amily in the Phocaea region (the Tamara family; age 264 ± 43 Myr). They
stimated that ∼500 of its members with 17 < 𝐻 < 19.35 reached the NEO
rbits in total. With the mean lifetime of NEOs from the Phocaea source, 13.5
yr from NEOMOD2, we can estimate that there should be ∼37 dark Tamara

amily NEOs in a steady state. For comparison, there are ≃3,500 NEOs with
< 19.35 (Paper II), of which ∼0.09×0.76 should be dark Phocaeas (according

o the contribution of Phocaeas to large NEOs from Paper II, ≃9%, and the
ark fraction found here, ∼76%). This gives ∼240, suggesting that the Tamara
amily cannot be a major contributor.
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Fig. 14 illustrates the size-dependent albedo distribution of NEOs
rom the debiased complex model. The distributions shown here for 𝐷 >
0.1 km are in good agreement with those obtained with different size
cuts in the simple model (Section 4.1). For 1 < 𝐷 < 3 km, the complex
model indicates 𝑓d = 0.33, in a close match to the result reported in
Fig. 7. For 0.1 < 𝐷 < 0.3 km, we have 𝑓d = 0.23, slightly higher than
𝑓d = 0.18 from the simple model. Some differences are expected given
the different schemes employed in our simple and complex models.15

The albedo distribution for 𝐷 < 0.1 km is an extrapolation with
NEOMOD2 and the complex model parameters listed in Table 3. If these
results are correct, the importance of the dark Rayleigh peak continues
to diminish for 𝐷 < 0.1 km, indicating that (very) small NEOs are on
verage (much) brighter than large NEOs.

The complex model inferences for the size distribution of NEOs are
onsistent with those obtained from the simple model. Because the 𝑓d
alues tend to be slightly larger in the complex model, here we obtain
lightly higher population estimates than 𝑁3(𝐷) reported in Table 3,
ominally 873 NEOs with 𝐷 > 1 km and 19,500 NEOs with 𝐷 > 140 m.
his is well within the range of uncertainties discussed in Section 4.1.
he population estimates from the complex model could be favored
ver those obtained in the simple model, because the complex model
s more successful in reproducing various orbital dependences. In some
ases, however, such as the Phocaea case discussed above (also see
orbidelli et al. (2020)), the inferences obtained from the complex
odel are somewhat uncertain. In this situation, we prefer to report the

ull range of population estimates from the simple and complex models.
his is why the abstract and conclusions give 830±60 NEOs with 𝐷 > 1
m and 20,000 ± 2000 NEOs with 𝐷 > 140 m.

The reference albedo value 𝑝V,ref for an approximate conversion of
he absolute magnitude distribution to the size distribution (e.g., Harris
nd Chodas (2021)) is a function of absolute magnitude. We recom-
end 𝑝V,ref ≃ 0.15 for 𝐻 < 18, 𝑝V,ref ≃ 0.16 for 18 < 𝐻 < 22, and
V,ref ≃ 0.18 for 𝐻 > 22.

. Discussion

.1. Simple vs. complex model inferences

There are at least two obvious biases in NEOWISE observations. The
irst one is the thermal infrared bias discussed in Section 3.2 (objects
ith low visual albedo emit more thermal radiation and are more
asily detected in infrared wavelengths). Our simple model rigorously
ccounts for the thermal bias (Section 3.5). The second one is the orbital
ias: the NEOWISE data set is biased toward detection of NEOs with
mall heliocentric distances. These NEOs are warmer and more easily
etected in thermal infrared. We know that NEOs at small heliocentric
istances predominantly sample sources in the inner asteroid belt; they
re more likely to have higher albedos than NEOs on larger orbits.
his means that NEOWISE is biased toward higher albedos. This is not
omething we can account for in the simple model. The simple model
alibrates the albedo distribution on NEOs detected by NEOWISE (the
hermal bias is accounted for) and adopts it for NEOs in general. The
imple model should thus be biased toward higher albedos as well (due
o the orbital bias).

The debiased albedo distribution obtained from the complex model
oes not suffer from this limitation, at least not as much as the simple
odel, because it adopts the orbital distribution of NEOs from NEO-
OD2. For example, the 𝜈6 resonance produces evolved NEOs with
< 2 au. These bodies escape from the inner asteroid belt and often

15 The simple model is firmly tied to NEOWISE and gives us the albedo
distribution for orbits of NEOs detected by NEOWISE, whereas the complex
model weights albedos with the help of the orbital distribution from NEO-
MOD2 (Fig. 1; Section 5.1). The slightly lower 𝑓d values obtained from the
imple model presumably reflect the orbital bias (see Section 5.1).



Icarus 417 (2024) 116110D. Nesvorný et al.
Fig. 10. The posterior distribution of 14 model parameters from our complex MultiNest (Section 3.6). The individual plots are labeled (1) to (12) following the model parameter
sequence given in Table 3.
Fig. 11. The (biased) albedo distribution from the complex model is compared to NEOWISE detections. From left to right the panels show the results for: (a) the full diameter
range, (b) 𝐷 > 1 km, and (c) 𝐷 < 1 km. For 𝐷 > 1 km, the dark peak of the albedo distribution is prominent. For 𝐷 < 1 km, the dark peak is subdued, indicating that small NEOs
more often have higher albedos. The model correctly reproduces the dependence of the albedo distribution on size.
have 𝑝𝑉 > 0.1. The 𝜈6 resonance is thus assigned a relatively low value
of the parameter 𝑓d, and the albedo distribution – specific for the 𝜈6
resonance – is then extended with a proper weight to the whole NEO
population.
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The same applies to other sources as well. So, at least in principle,
the complex model should give us a more realistic albedo distribution
of NEOs, including its proper scaling with size and orbit. This may
explain some of the differences discussed in Section 4.2. Note that
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Fig. 12. The (biased) albedo distribution from the complex model is compared to NEOWISE detections. From left to right the panels show the results for: (a) the full semimajor
axis range, (b) 𝑎 < 2 au, and (c) 𝑎 > 2 au. For 𝑎 > 2 au, the dark peak of the albedo distribution is prominent. For 𝑎 < 2 au, the dark peak is subdued, indicating that NEOs with
𝑎 < 2 au more often have higher albedos. This happens because the inner belt sources have larger contributions to bright NEOs than the outer belt sources. The model correctly
reproduces the dependence of the albedo distribution on the semimajor axis.
Fig. 13. The fraction of NEOs with 𝑝V < 0.1 produced from each source. We used
the 𝑓d,𝑗 parameters reported in Table 3 and summed up the contributions of dark and
bright Rayleigh distributions from each source to 𝑝V < 0.1.

these differences are not large, however, suggesting that the orbital
bias in the simple model is not overwhelmingly important. We discuss
the simple model in this work because the simple model is firmly
tied to NEOWISE observations, does not require additional assumptions
(e.g., related to how NEOs sample various main belt sources), and
allows us to test the albedo dependence on size. The fact that the simple
and complex models lead to consistent results is reassuring.

Additional uncertainties arise because even the complex model
does not account for the possibility that the albedo distribution of
NEOs from source 𝑗 can be size-dependent (e.g., because the low- and
high-albedo main-belt asteroids near that source have different size
distributions). The model defines the albedo distribution from source
𝑗 as unchanging with size, and injects the size and orbit dependence
of NEO albedo via the size-dependent contribution of sources, 𝛼𝑗 (𝐻)
(Paper II). Investigations into more complete albedo models are left for
future work.

5.2. Relationship to main belt asteroids

Some features of the complex model seem surprising. For example,
according to Fig. 13, the 𝜈6 resonance is inferred to produce only ≃20%
of NEOs with 𝑝V < 0.1. If we look in the immediate neighborhood of
the 𝜈6 resonance in the main belt, we find that ≃40% of asteroids with
1 < 𝐷 < 2 km have 𝑝V < 0.1 (Mainzer et al., 2019). This can mean
one of several things. In NEOMOD2, the 𝜈6 source does not have much
contribution to NEOs with 𝐷 > 1 km (Paper II). The albedo distribution
of 𝜈 is thus mainly calibrated on small, sub-km NEOs detected by
11
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NEOWISE. Since these small bodies were not detected by NEOWISE
in the main belt, however, we cannot be sure that there really is a
problem. A similar argument applies to the 3:1 resonance as well.

In more general terms, we find here that dark NEOs with 𝑝V < 0.1
represent ≃40% of the NEO population (for 𝐷 ∼ 1 km). This is lower
than the share of dark asteroids in the main belt (∼60% overall from
WISE; Mainzer et al. (2019)). The difference is in part caused by how
NEOs sample the main belt — they preferentially come from the inner
part of the belt where dark asteroids are less common. Overall, dark
bodies with 𝑝V < 0.1 contribute to ∼40% of asteroids in the inner belt
(2–2.5 au). The NEOWISE data also indicate that the albedo distribution
of inner belt asteroids may be size dependent. For example, dark bodies
with 𝑝V < 0.1 represent 55% of inner belt asteroids with 𝐷 > 10 km,
but only 27% of inner belt asteroids with 1 < 𝐷 < 2 km.

5.3. NEO population estimates

We estimate 830 ± 60 NEOs with diameters 𝐷 > 1 km and 30,000 ±
3000 NEOs with 𝐷 > 100 m (Table 3). This can be compared to
≃20,500 ± 3000 NEOs with 𝐷 > 100 m and 981 ± 19 NEOs with 𝐷 > 1
km reported in Mainzer et al. (2011), and ∼1000 NEOs with 𝐷 > 1
km in Morbidelli et al. (2020). Our population estimate for 𝐷 > 100 m
is ∼50% higher. We believe that our method better approximates the
debiased size distribution for 𝐷 < 1 km. Our estimate for 𝐷 > 1 km is
∼15% lower. We think that this happens because Mainzer et al. (2011)
used an approximate Monte Carlo method to infer the number of large
NEOs. Here we infer it by inverting Eq. (12), which is a more rigorous
approach.

The error estimates reported here combine various uncertainties
related to our inferences about the absolute magnitude distribution
from NEOMOD2 and the albedo distribution from NEOWISE. We find
that the dominant source of error – at least the one that we are
able to characterize at the present time – reflects uncertainties in
the albedo distribution of NEOs. As we varied the debiasing method
and tweaked parameters in the MultiNest fits, we found that the
estimates vary by ≲10%. Hence our conservative error estimates, but
note that systematic changes of MPC magnitudes are not accounted for
here (see Section 4.1).

5.4. Impact flux on the earth

Here we estimate the impact flux of NEOs on the Earth. This is done
by combining the absolute magnitude distribution from NEOMOD2, the
albedo distribution from NEOWISE, and the intrinsic impact probabil-
ity, 𝑃i(𝐻), for NEO impacts on the Earth from Paper II.16 The impact

16 The intrinsic impact probability 𝑃i(𝐻) is defined as the probability for
one object in the NEO population with absolute magnitude 𝐻 to impact on
the Earth in Myr.
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Fig. 14. The debiased albedo distribution of NEOs from the complex model. From left to right the panels show the results for: (a) 𝐷 > 1 km, (b) 0.1 < 𝐷 < 1 km, and (c)
0.01 < 𝐷 < 0.1 km. For 𝐷 > 1 km, the dark peak of the albedo distribution is prominent. For 𝐷 < 0.1 km, the dark peak is subdued indicating that small NEOs are more often
found in the peak with higher albedos. The mean albedos for the three size ranges shown here are ⟨𝑝V⟩ = 0.124 (𝐷 > 1 km), 0.167 (0.1 < 𝐷 < 1 km) and 0.191 (0.01 < 𝐷 < 0.1 km).
Fig. 15. The impact flux of NEOs on the Earth from our model with the size-dependent
albedo distribution (red line). The size-dependent albedo distribution model adopted
here was constructed with the methods described in Section 4. The impact flux from
NEOMOD2 is plotted for reference. For that we used 𝑝V = 0.14 (dashed black line)
and 𝑝V = 0.18 (solid black line) to translate the absolute magnitudes from NEOMOD2
to diameters. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

flux is obtained by inverting Eq. (12), where instead of 𝜓(𝐷) in the
integrand there is 𝑃i(𝐻)𝜓(𝐷). For reference, 𝑃i = 1.53 × 10−3 Myr−1

for 𝐻 = 15, 𝑃i = 2.1 × 10−3 Myr−1 for 𝐻 = 20 and 𝑃i = 2.6 × 10−3

Myr−1 for 𝐻 = 25 (Paper II). Fig. 15 shows the impact flux for the
size-dependent albedo model, including the tidal disruption model from
Paper II.17 Table 5 reports the number of impacts for several reference
impactor diameters.

We estimate 1.51–1.74 impacts/Myr of 𝐷 > 1 km NEOs on the
Earth. The average interval between impacts of 𝐷 > 1 km is 570–660
kyr. This is shorter than the estimate given in Morbidelli et al. (2020)
who found the average interval ≃750 kyr. The difference reflects dif-
ferent population estimates and different impact probabilities adopted
in these works. For 𝐷 > 140 m, we find 42–52 impacts/Myr and the
average interval between impacts 19–24 kyr. We can also compare our

17 Tidal disruptions affect the impact profile for 𝐷 < 100 m. Without tidal
disruption, the (cumulative) power-slope index for impacts of 𝐷 < 100 m NEOs
is ≃2.6. With tidal disruption, it steepens to ≃3.1.
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Table 5
The impact flux of NEOs on the Earth, 𝐼(𝐷), for bodies larger than diameter 𝐷. In
the second column, 𝐼1(𝐷) stands for the estimates obtained from the global (simple)
model to all NEOWISE data. In the third column, 𝐼2(𝐷) is based on the fixed albedo
model obtained for 1 < 𝐷 < 3 km and used for all NEOs. In the forth column, 𝐼3(𝐷)
corresponds to the variable albedo model constructed with the methods described in
Section 4.1. The range of estimates given here roughly expresses the uncertainty related
to the albedo distribution.

𝐼1(𝐷) 𝐼2(𝐷) 𝐼3(𝐷)
Myr−1 Myr−1 Myr−1

𝐷 > 1 km 1.51 1.74 1.61
𝐷 > 300 m 16.1 18.1 14.4
𝐷 > 140 m 46.7 52.0 41.9
𝐷 > 100 m 72.7 81.0 64.8
𝐷 > 30 m 993 1160 829

results with Nesvorný et al. (2021), where a different method was used
for very large NEOs. They inferred 16–32 impacts/Gyr of 𝐷 > 5 km
NEOs on the Earth. Here we find ∼30 such impacts (Fig. 15), a value
near the upper end of the range given in Nesvorný et al. (2021). The
trend pointed out here, with the larger share of dark bodies among
large NEOs is consistent with Nesvorný et al. (2021), who argued that
dark (primitive) asteroids represent about a half of very large impactors
(𝐷 ≳ 5 km) on the Earth.

For the smallest impactors shown in Fig. 15, we find that the mean
interval between impacts of 𝐷 > 10 m NEOs is ∼40 years. This is
consistent with the results reported in Paper II (see the black solid line
in Fig. 15) given that the results presented here suggests that the albedo
of small NEOs should be relatively high-effective 𝑝V ≃ 0.18 (instead
of the usual reference 𝑝V = 0.14, Paper II). This is a consequence of
the 𝜈6 resonance having a relatively large contribution for small and
bright NEOs. The impact flux obtained here is a factor of ∼4 below the
impact flux estimate obtained from bolide observations (∼10 yr interval
between impacts of 𝐷 > 10 m NEOs; Brown et al., 2013), which is a
problem.

The visible albedos of 𝐷 ∼ 10 m NEOs obtained in this work
may be too high. The albedo distribution of small, 𝐷 < 100 m NEOs
was obtained here by calibrating the model on relatively large NEOs
(𝐷 > 100 m) detected by NEOWISE. In the complex model, we assumed
that the number ratio of dark over bright bodies, as calibrated for
individual sources on 𝐷 > 100 m NEOs, does not change for 𝐷 < 100
m. This assumption may be incorrect. For example, the contribution
of dark asteroid families close to the 𝜈6 and/or 3:1 sources may be
insignificant for 𝐷 > 100 m, but important for 𝐷 < 100 m. If so, this
would effectively lower the reference albedo. Another possibility is that
the tidal disruption of NEOs during close planetary encounters (Paper
II) disproportionally affects dark NEOs, perhaps because they are weak,
and creates an excess of small dark NEOs on orbits with high impact
probabilities on the Earth (this effect is not taken into account in the
present work).



Icarus 417 (2024) 116110D. Nesvorný et al.
Fig. 16. The lunar production function. The plot shows the cumulative distribution
of crater diameters produced on the lunar surface in Gyr. The number of craters is
normalized to 1 km2 of the lunar surface. The red line is the production function
obtained here from NEOMOD (Section 5.5). The black solid line is the Neukum’s
production function (NPF) as reported in Table 1 in Ivanov et al. (2002) (the
column ‘‘New’’ 𝑁(𝐷), Neukum et al. (2001)). The black diamonds are the Hartmann’s
production function (HPF) from Hartmann (1995). Finally, the dashed line is the piece-
wise power-law fit to HPF as given in Eqs. (1a)-(1c) in Ivanov et al. (2002). (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

5.5. Lunar production function

The radiometric ages, crater counts and size distribution extrapo-
lations are the basis of empirical models for impact cratering in the
inner solar system (see Ivanov et al. (2002) for a review). The standard
approach to this problem is to conduct crater counts on different
lunar terrains and patch them together to estimate the lunar production
function (LPF), defined as the number of craters larger than diameter
𝐷𝑐𝑟𝑎𝑡𝑒𝑟 produced on 1 km2 of the lunar surface in Gyr. Here we estimate
the current-day LPF from the size distribution of NEOs (also see Marchi
et al. (2009)). The results shown in Fig. 15 are carried over to lunar
impacts with the standard Earth-to-Moon ratio ( = 20; Paper I). We
adopt the crater scaling laws from Johnson et al. (2016), for which a
𝐷 = 1-km NEO impactor makes a 𝐷crater ≃ 20-km lunar crater, and
a 𝐷 ≃ 40-m NEO impactor makes a 𝐷crater ≃ 1 km lunar crater (see
Morbidelli et al. (2018) for a discussion).

Fig. 16 compares our LPF with those inferred from the crater counts
in Hartmann (1995) and Neukum et al. (2001). This is not a one-to-
one comparison for several different reasons. For example, the lunar
craters with 𝐷crater < 1 km are often secondaries (i.e., craters formed
by re-impacting material ejected from a primary crater; Bierhaus et al.,
2018). The secondaries are not accounted for in our model. Also, there
are not enough large craters with 𝐷crater ≳ 10 km on the young lunar
terrains — the empirical LPF for 𝐷crater ≳ 10 km must therefore be
inferred from old lunar terrains, but the old lunar terrains may have
seen impactor populations other than modern NEOs (Nesvorný et al.,
2022, 2023a).

With these caveats in mind, we find that our LPF is roughly in-
termediate between LPFs reported in Hartmann (1995) and Neukum
et al. (2001) (Fig. 16). For 𝐷crater < 1 km, the empirical LPFs are
somewhat steeper than our LPF possibly due to the contribution of
secondaries (secondary craters tend to have steep size distributions;
Bierhaus et al., 2018). For some reason, our LPF runs below that of
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Hartmann (1995), indicating a problem with the absolute calibration,
but nicely reproduces the slope transition near 𝐷crater = 1.5 km (steeper
for 𝐷crater < 1.5 km, shallower for 𝐷crater > 1.5 km). Neukum’s LPF
shows a broader transition near 𝐷crater = 5 km, but the shape of this
transition may be affected by crater counts on very old lunar terrains.

6. Conclusions

The main results of this work are summarized as follows:

(1) We developed approximate methods to debias the albedo
distribution of NEOs detected by NEOWISE. The debiased albedo
distribution can be accurately described by a sum of two Rayleigh
distributions representing NEOs with low (𝑝V ≲ 0.1) and high
albedos (𝑝V ≳ 0.1).
(2) There is good evidence that the albedo distribution of NEOs
is size and orbit dependent. Smaller NEOs tend to have higher
albedos than large NEOs. NEOs with evolved orbits below 2 au
tend to have higher albedos than NEOs beyond 2 au.
(3) The debiased albedo distribution and absolute magnitude
distribution of NEOs from NEOMOD2 (Paper 2) were used to infer
the size distribution of NEOs. We estimate 830 ± 60 NEOs with
diameters 𝐷 > 1 km and 20,000 ± 2000 NEOs with 𝐷 > 140 m.
See the bold paragraph in Section 4.1 for how these estimates and
their uncertainties were synthesized from different models (the
range contains estimates from all models investigated here).
(4) The reference albedo value 𝑝V,ref for an approximate conver-
sion of the absolute magnitude distribution to the size distribution
is a function of absolute magnitude. We recommend 𝑝V,ref ≃ 0.15
for 𝐻 < 18, 𝑝V,ref ≃ 0.16 for 18 < 𝐻 < 22, and 𝑝V,ref ≃ 0.18 for
𝐻 > 22.
(5) The intrinsic impact probability from NEOMOD2 was com-
bined with the population estimates obtained here to infer the
impact rates of NEOs on the Earth. We estimate the average
interval between impacts of 𝐷 > 1 km NEOs about 640 kyr, and
the average interval between impacts of 𝐷 > 140 m NEOs about
20,000 yr.
(6) We used the NEO model to estimate the production function
of lunar craters. The lunar production function (LPF) is found to
have an inflection point for 𝐷crater ≃ 1.5 km, with the steeper
slope for 𝐷crater < 1.5 km and shallower slope for 𝐷crater > 1.5
km. A similar slope transition was inferred from the lunar crater
counts in Hartmann (1995).
(7) The upgraded model, NEOMOD3, is available via the NEO-
MOD Simulator – a user-friendly code that can be used to generate
samples (orbits, sizes and albedos of NEOs) from the model.18
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Appendix. Albedo bias in visible surveys

Assume, for example, a bimodal (differential) distribution of albe-
dos, 𝜙(𝑝V) = d𝑁∕d𝑝V, with 𝜙dark (𝑝V) = 𝛿(𝑝V − 𝑑) for dark objects and
𝜙bright (𝑝V) = 𝛿(𝑝V−𝑏) for bright objects, where 𝛿 are delta functions, and
𝑏 and 𝑑 are some characteristic albedo values of dark and bright objects,
respectively. For example, Wright et al. (2016) found that the albedo
distribution of NEOs detected by NEOWISE can be approximated by a
sum of two Rayleigh distributions with the scale factors 𝑑 = 0.03 and
𝑏 = 0.168. Assume, in addition, that the size distributions of dark and
bright objects, 𝜓(𝐷) = d𝑁∕d𝐷, can be approximated by the same power
law slope, 𝜓dark (𝐷) = 𝑓d𝑁0𝐷−𝛼 for dark and 𝜓bright (𝐷) = (1 − 𝑓d)𝑁0𝐷−𝛼

for bright, where 𝑓d is the share of dark objects in the population, and
𝛼 is fixed.

The (differential) magnitude distribution, 𝑛(𝐻) = d𝑁∕d𝐻 , can be
obtained by evaluating the integral over all albedo values

𝑛(𝐻) = 1
𝜅 ∫

1

0
d𝑝V 𝜙(𝑝V)𝐷𝜓(𝐷) , (13)

where 𝜅 = −5∕ ln 10, 𝐷 = 𝐷(𝐻, 𝑝V) = 𝑐10−𝐻∕5∕
√

𝑝V, and 𝑐 = 1329
km. For the example discussed above, this gives 𝑛(𝐻) = 𝑁 ′

010
𝛾𝐻 with

𝛾 = (𝛼 − 1)∕5, 𝑁 ′
0 = 𝑁0𝑐−5𝛾𝑝

5𝛾∕2
V,ref∕𝜅, and the reference albedo 𝑝5𝛾∕2V,ref =

𝑓d𝑑5𝛾∕2+(1−𝑓b)𝑏5𝛾∕2. The reference albedo 𝑝V,ref can be used to convert
the absolute magnitude distribution to the size distribution. The real
absolute magnitude distribution of NEOs is wavy (Fig. 2) with 𝛾 ≃ 0.3–
0.55 (Papers I and II). For 𝛾 = 0.4, we have 5𝛾∕2 = 1 and the reference
albedo is just a normal (weighted by 𝑓d) mean of 𝑑 and 𝑏. For the
example from Wright et al. (2016), with 𝑑 = 0.030 and 𝑏 = 0.168, this
gives 𝑝V,ref = 0.133. For 𝛾 = 0.3 and 0.5, we have 𝑝V,ref = 0.128 and
𝑝V,ref = 0.137, respectively.

Now, as for the albedo bias in a visual-magnitude limited survey,
the sizes of the dark and bright objects with the same magnitude 𝐻 are
𝐷d = 𝑐10−𝐻∕5∕

√

𝑑 and 𝐷b = 𝑐10−𝐻∕5∕
√

𝑏. The fraction of dark objects
in a magnitude-limited survey is then 𝑓 ′

d = 𝑓d𝐷−𝛼
d ∕[𝑓d𝐷−𝛼

d +(1−𝑓d)𝐷−𝛼
𝑏 ].

This gives

𝑓 ′
d = 𝑓d

[

𝑓d + (1 − 𝑓d)
( 𝑏
𝑑

)𝛼∕2]−1
. (14)

For the example discussed above with 𝑓d = 0.253 and 𝛾 = 0.4, we have
𝛼 = 3 and 𝑓 ′

d = 0.025. So, the bright objects would represent 97.5%
of all objects (even though their actual share in a size-limited sample
is only 74.7%). Additional complications would arise if the dark and
bright objects do not have the same power slope index or if the power
slope index changes with size.
14
Fig. 17. The albedo distribution from our simple model, 𝜙(𝑝V) (black line; Eq. (10),
Table 1) is compared to the albedo distributions, 𝜙′(𝑝V;𝐻) (Eq. (11)), for 𝐻 = 18
(red line), 𝐻 = 21 (green line) and 𝐻 = 25 (blue line). The difference between 𝜙
(size-based distribution) and 𝜙′ (absolute-magnitude-based distribution) is the largest
for 𝐻 = 25, where the absolute magnitude distribution has the steepest slope (Fig. 2).
(For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

In more general terms, 𝜙(𝑝V) from Eq. (10) and 𝜙′(𝑝V) from Eq. (11)
are related via

𝜙′(𝑝V;𝐻) = 𝐶N
𝐷
𝜅
𝜓(𝐷)𝜙(𝑝V;𝐷) , (15)

again with 𝜅 = −5∕ ln 10, 𝐷 = 𝐷(𝐻, 𝑝V) = 𝑐10−𝐻∕5∕
√

𝑝V, and 𝑐 = 1329
km. The right-hand side of Eq. (15) is to be evaluated for a fixed value
of 𝐻 . The normalization constant 𝐶N assures that ∫ d𝑝V𝜙′(𝑝V;𝐻) = 1
for any 𝐻 (also, by definition, ∫ d𝑝V𝜙(𝑝V;𝐷) = 1 for any 𝐷). For
a bimodal albedo distribution with 𝜙(𝑝V) being represented by delta
functions and a single power-law size distribution 𝜓(𝐷), Eq. (15) can
be reduced to the arguments discussed above. Fig. 17 illustrates a more
general case where we adopt (size-independent) 𝜙(𝑝V) from our simple
model, the size distribution of NEOs shown in Fig. 6, and compute
𝜙′(𝑝V;𝐻) from Eq. (15) for several different values of the absolute mag-
nitude. The plot illustrates the difference between different definitions
of albedo distribution.
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