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Abstract

The Hilda population of asteroids is located in a large orbital zone of long-term stability associated with the Jupiter
J3/2 mean-motion resonance. They are a sister population of the Jupiter Trojans, since both of them are likely
made up of objects captured from the primordial Kuiper Belt early in the solar system history. Comparisons
between the orbital and physical properties of the Hilda and Trojan populations thus represent a test of outer planet
formation models. Here we use a decade of observations from the Catalina Sky Survey (G96 site) to determine the
bias-corrected orbital and magnitude distributions of Hildas. We also identify collisional families and the
background population by computing a new catalog of synthetic proper elements for Hildas. We model the
cumulative magnitude distribution of the background population using a local power-law representation with slope
γ(H), where H is the absolute magnitude. For the largest Hildas, we find γ ; 0.5 with large uncertainty due to the
limited population. Beyond H ; 11, we find that γ transitions to a mean value ¯ 0.32 0.04g =  with a slight
dependence on H (significantly smaller than Jupiter Trojans with ¯ 0.43 0.02g =  ). We find that members of
identified collisional families represent more than 60% of the total population (both bias counts). The bias-
corrected populations contain about the same number of Hildas within the families and the background for H� 16,
but this number may increase to 60% of families when their location in the orbital space is further improved in the
future.

Unified Astronomy Thesaurus concepts: Solar system astronomy (1529); Small Solar System bodies (1469); Hilda
group (741)

1. Introduction

The importance of small bodies in the solar system is
twofold: (i) they are interesting as the building blocks or
fragments of larger bodies (planets or dwarf planets, in
particular) and (ii) if put in the right context, their orbits and
size–frequency distributions can tell us about the evolution of
the largest bodies. This is especially true if the population of
small bodies is directly connected to the larger worlds. A
prime example of this is populations of asteroids located in
the mean-motion resonances with planets. Restricting our-
selves to the case of Jupiter, we have two such populations at
hand: (i) the Jupiter Trojans, which are locked in the J1/1
mean-motion resonance (librating about the L4 and L5

stationary points), and (ii) the Hilda population, which
resides in the J3/2 mean-motion resonance. In this paper, we
focus on the latter.

A large amount of information about the Hilda population
has been collected to date (see Appendix A for a brief
overview, especially topics relevant to our findings in this
paper). Nevertheless, we still lack a bias-corrected global
picture of its orbital architecture and magnitude distribution.
Here we attempt to do so, following a methodology used in a
sister effort designed to analyze the Jupiter Trojan L4 and L5

populations (D. Vokrouhlický et al. 2024). Using the same
formalism is advantageous because our ultimate science goal is

to put the Hilda and Trojan populations within the context of a
single model explaining their origin.
As in D. Vokrouhlický et al. (2024), we use observations

between 2013 and 2022 from the Catalina Sky Survey (CSS) at
Mt. Lemmon (G96; Section 2). We constructed a parametric
model that allowed us to describe the orbital architecture and
magnitude distribution of the Hilda population from these
observations (Section 3). For each point (or rather a small bin)
in the parameter space, we determined the survey detection
probability (Section 4.1). We used a maximum likelihood
technique to optimize the model parameters to determine the
bias-corrected Hilda population (Section 4.2).
Our main findings are presented in Section 5, with our

outlook for further work summarized in Section 6. Similarly to
the study of Jupiter Trojans (D. Vokrouhlický et al. 2024), we
found that our new catalog of synthetic proper elements for the
Hilda population was an important byproduct of our work (see
Appendix C). A second byproduct is the identification of
asteroid families in the Hilda population, with two new families
discovered. These data are made available through our
webpage https://sirrah.troja.mff.cuni.cz/~mira/tmp/hildas/
and in our Zenodo repository.4

2. The Observed Hilda Population

In this section we present the observational data used in our
determination of the bias-corrected Hilda population. We
proceed in two steps.
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First, we downloaded all known asteroids from the Minor
Planet Center (MPC) database and identified those that were
members of the Hilda population. However, this is a collection
of asteroids detected by many observing stations, all having
different detection strategies and sensitivities that are unknown
to us. To evaluate the detection probability of the Hildas on
different orbits and with different absolute magnitudes, we
need to work with data provided by one (or more) stations with
an observing strategy and detector performance that we know.
Fortunately, this is the case for CSS observations. In the second
step, we selected the known Hildas detected by CSS during the
interval of operations for which we have good knowledge of
the survey’s performance. These observations were later used
to calibrate the parameters of the Hilda population.

Hilda population known to-date. We started by downloading
the MPC orbit database (MPCORB.DAT) as of 2024 February
14 (osculating orbital elements corresponding to the epoch
MJD 60200.0). Next, we proceed in several steps. We selected
all bodies with semimajor axis in the range 3.7–4.15 au. We
dropped bodies on orbits determined from astrometric data that
lasted less than a week that are quite uncertain, and obtained
6466 inputs. However, many of these bodies are still unrelated
to long-term stable Hildas (residing, for instance, on high-
eccentricity orbits compatible with the Jupiter family comets or
other unstable bodies that cross the orbits of Jupiter or the
terrestrial planets). We numerically propagated the preselected
orbits for 20Myr forward in time using the well-tested
integration package swift.5 We included the Sun and all
planets, whose initial conditions were taken from the JPL
ephemerides DE420. We used a short integration step of
3 days. The massless Hilda candidate particles were eliminated
when they reached the heliocentric limits of 1 au, 10 au, or they
hit Jupiter. This step trimmed 277 bodies, leaving us with 6189
asteroids. We also monitored oscillations of the heliocentric
semimajor axis a during the integrations and further eliminated
all bodies with a maximum a value smaller than 3.95 au.
Bodies that survived in the integration and had a smaller than
this limit belong to a population of low-eccentricity and low-
inclination orbits adjacent to the J3/2 resonance. They benefit
from its protection against close encounters with Jupiter on a
short or medium timescale, but are not truly members of the
Hilda population residing in the stable zone of the J3/2
resonance. Another 95 bodies were thus eliminated. This
includes the well-known object (334) Chicago (see already
K. Laves 1904), which has the absolute magnitude6 H = 7.69
and was previously the largest object in the sample. This leaves
(153) Hilda, with H = 7.78, as the largest body.

This procedure left us with 6094 individual Hildas.
Traditionally, members of the Hilda population are distinct
from other asteroids by a long-period and librating behavior of
the resonant angle 3 2s l l v= - -¢ , where λ and ϖ are
longitudes in orbit and perihelion of the asteroid, respectively,
whilel¢ is the longitude in orbit of Jupiter. We checked the time
series of σ for the 6094 bodies and found the expected behavior
in the majority of the asteroids. Only 170 of them in σ
exhibited slow circulation. Although not exactly “resonant,”
according to our definition, these objects are very close to
resonant objects, so that we decided to include them in our

work. As discussed in Section 6, they might have actually
leaked from the resonant zone via Yarkovsky diffusion.
Hilda asteroids detected by CSS. Similar to our earlier study

of Jupiter Trojans (D. Vokrouhlický et al. 2024), we used
observations of the CSS 1.5 m survey telescope located at Mt.
Lemmon7 (MPC observatory code G96; e.g., R. Jedicke et al.
2015). Both studies profit from an earlier effort of D. Nesvorný
et al. (2024), who carefully analyzed the G96 detection
performance in the period between 2013 January and 2022
June. An important upgrade of the CCD camera mounted on
the G96 telescope in 2016 May makes a logical division of the
survey interval into two phases: (i) observations before 2016
May 14 (phase I), and (ii) observations after 2016 May 31
(phase II). The second phase is therefore longer, allowing the
survey to collect more observations (the available database
contains 61,585 well-characterized frames—sequences of four,
typically 30 s exposure images—during phase I and 162,280
well-characterized frames during phase II). No less important is
the fact that the new camera has a 4x larger field of view,
allowing it to cover a much larger latitude region about the
ecliptic. The only caveat of the second-phase operation has to
do with the pixel size of the new camera, which is twice as
large as the older camera. This decreases the camera’s ability to
detect very slow moving objects (plate motion of about 0.

07 day−1 or less; see Figure 1 of D. Vokrouhlický et al. 2024).
Having previously selected the sample of known Hilda

asteroids, we searched which of them were detected by the
CSS G96 telescope during phase I and II operations. We
identified 8686 detections of 2970 individual Hildas during
phase I, and 28,930 detections of 4317 individual Hildas
during phase II. Figure 1 shows the equatorial coordinates
(R.A. and decl.) of the detected objects (blue symbols)
together with Jupiter’s track along the ecliptic during the
corresponding phase (red line). Apart from the avoidance of
the galactic plane (especially during the fall period when the
very crowded fields toward the galactic center are on the
night sky), there is much less bias in the visibility of the
Hilda population compared to the Jupiter Trojans (compare
with Figures 2 and 3 of D. Vokrouhlický et al. 2024). Due to
the characteristic triangular pattern of their occurrence in the
corotation frame with Jupiter, Hilda detections are spread
along all ecliptic longitudes, with only a slight preference for
0o or ±120o angular distance from Jupiter (when the Hildas
are at perihelia).
A notable feature is a substantial spread of the CCS phase II

fields of view around the ecliptic, reaching large latitude
values. Since the inclination distribution of Hildas does not
extend to extremely high values, we do not expect much of the
population to be lost at larger latitudes. The situation is slightly
worse during phase I, which had most of the fields of view
confined close to the ecliptic, implying that some Hildas on
higher-inclination orbits might have been missed.
Figure 2 shows the number of Hilda-population asteroid

detections through phases I and II. The annual pattern is
punctuated by summer maintenance periods. The slight
increase in detections toward the end of the interval has to
do with Jupiter’s position with respect to the galactic center.
Figure 3 shows a correlation between absolute magnitude H

(abscissa) and apparent magnitude m (ordinate) for Hilda
detections, which are divided between the two phases of CSS5 H. F. Levison & M. J. Duncan (1994) and http://www.boulder.swri.edu/

~hal/swift.html.
6 We adopt absolute magnitude values provided by the MPC database. 7 https://catalina.lpl.arizona.edu/
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G96 operations. Three horizontal dotted lines are of particular
interest: (i) m ; 14.5 is the saturation limit, such that brighter
objects spread so much on the detector that they might not be
resolved by the Hilda’s slow apparent motion,8 and (ii)
m ; 20.5−21.5 range shows the typical limiting detection
magnitude (varying according to nightly conditions) that
prevents fainter objects from being detected. The latter effect
is obvious, but even the former effect has implications for
Hilda detections. Note, for example, that the brightest object in
the population—(153) Hilda with H ; 7.7—was detected in
both phases, but during the phase I operations only once. The
slanted lines roughly delimit the range of the apparent
magnitudes m at which Hildas with the same H were detected.
This is principally due to the large eccentricity values of some
Hilda orbits and the difference between detecting the body near

perihelion and/or aphelion of its orbit. A smaller contribution
to the spread comes from detections made at different phase
angles.
Another selection effect is documented in Figure 4. We show

the absolute magnitude H of Hildas detected during the phase II
operations, given as a function of the osculating eccentricity of
their heliocentric orbits. The slanted lines, delimiting the bulk
of the data, indicate two trends. The upper dashed line tells us
that the smallest Hildas are detected only near perihelion for
those with the highest-eccentricity orbits. This effect is clearly
an observational bias; there is no reason why objects with the
same value of H would not also populate lower-eccentricity
orbits. The lower boundary of the distribution (dotted line) has
a different nature. It tells us that high-eccentricity orbits are
preferentially populated by smaller Hildas. In all likelihood,
this is due to the Yarkovsky-driven flow of smaller Hildas
toward larger eccentricities near the stability border (see also
Section 6).
At the same time, it might seem peculiar that large members

of the Hilda population (H� 12, say) do not reach stable orbits
with larger eccentricities. If Hildas were captured during the
planetary instability phase, the large objects should have been
captured onto arbitrary orbits in the stable zone. We return to
this issue in Section 6. We will remap the population of large
synthetic Hildas into the space of proper orbital elements. From
there, we will reconsider the phase-space zone that is long-term
stable. We believe the larger lost Hildas originally did populate
the unstable spaces, thereby explaining this apparent puzzle.
Yet another look at the selective detection of small Hildas

whose perihelion values come from highly eccentric orbits is
shown in Figure 5. The bottom panels show heliocentric
osculating values ( )e ıexp v for detected asteroids during the
CSS phase II: (i) left panels for bright Hildas (H < 15) and (ii)
right panels for faint Hildas (H > 16.5). The star is the forced
Jupiter term ( )e ıexpk v¢ ¢ , where e¢ and v¢ are the osculating
values of the Jupiter eccentricity and longitude of perihelion at
the reference epoch MJD 60200.0 and κ = 1.47 (Appendix B).
The axes are highlighted by dashed horizontal and vertical
lines. The origin, shifted to Jupiter’s forced term, defines the
proper orbital parameters ( )e ıexpp pv introduced in
Appendix B.2 (Equation (B12)). The annulus, shown by the

Figure 1. Detections of Hilda asteroids by the CSS operations in between 2013 January 2 and 2016 May 14 (phase I; left panel), and between 2016 May 31 and 2022
June 14 (phase II; right panel). There are 8686 detections of 2970 individual Hildas during the phase I, and 28,930 detections of 4317 individual Hildas during the
phase II. The blue symbols are topocentric R.A. (abscissa) and decl. (ordinate) of the observations. The red line is the Jupiter track in the same period of time near the
ecliptic plane (the sense of motion during the displayed period of time is along the increasing R.A. value). The solid black line is the projection of the galactic plane
surrounded by the ±15o latitude strip (gray region). The black star is the direction to the galactic center.

Figure 2. Number of Hilda observations in the CSS operations (phases I and II
separated by the vertical dashed line). Apart from the obvious annual variation
(determined both by the seasonal changes and summer maintenance gaps) and
more data collected during the phase II due to the camera upgrade, there is also
a longer-term variation due to the Jupiter motion and its relative position to the
galactic plane.

8 The median value of the apparent sky motion of detected Hildas was ;0.17
day−1, slightly larger than for Jupiter Trojans (see Figure 1 of D. Vokrouhlický
et al. 2024). Still some Hildas may happen to be undetected with motion �0.05
−0.07 day−1. We take this bias into account in our work.
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two dashed circles and delimited by ep = 0.12 and ep = 0.22
values, is the target zone of our test.
The upper histograms show the number of Hildas detected

within our annulus in 20o bins of ϖp. In the case of bright
Hildas (left), the distribution is statistically compatible with
uniform statistics. Conversely, in the same distribution for faint
Hildas (right), the distribution has a strong preference for ϖp

values in between 270o and 90o. As  0v¢ , these values
determine orbits with a large osculating eccentricity e (compare
with Appendix B in D. Vokrouhlický et al. 2024, where a
similar effect has been discussed for Jupiter Trojans). If we aim
to characterize the Hilda population all the way to small sizes,
results from this experiment argue in favor of considering both
ep and ϖp as independent variables within the parametric space
over which we will fit the observed population.

3. Orbital and Magnitude Distribution of Hilda Population

In this section, we present the model  for the Hilda
population, whose free coefficients will be adjusted to fit the
available observations.  is defined on the parametric space
(p; H), where (i) p specifies the orbital architecture of the
population and (ii) the absolute magnitude H parameterizes the
magnitude distribution. To keep things simple, we assume that
all parameters are uncorrelated, and the population is defined
for each of them using a suitable 1D distribution function. In
general, for npar of p, we consider the number of Hilda asteroids
dNmodel in the bin (p + dp; H + dH) given by

( ) ( ) ( ) ( )p pdN H dN dN H; , 1model model=

Figure 3. Upper panel: histogram of the absolute magnitude H values for detections of Hildas during the CSS phase I (left panels) and II (right panels) operations (the
ordinate is the number of such detections within the bin). The vertical dashed line shows the magnitude at the center of a bin in which number of detections dropped
below 5% of the bin with maximum number of detections. This value is about ;17.2 for both phases. Bottom panel: correlation between the absolute magnitude H at
the abscissa and visual magnitude m at the ordinate for Hilda detections during the CSS phase I and II operations. At an ideal opposition, when a high-eccentricity
Hilda asteroid would be near perihelion, m − H ; 3.3 (neglecting the phase function correction) from simple distance arguments (slanted dotted line). In the opposite
worst situation, when the same Hilda object would be near aphelion and high phase, m − H ; 7.7 (slanted dashed line). There are more than four magnitude difference
between these cases. The reason is mainly due to the large eccentricity of some Hilda orbits and the possibility to observe them at phase angles up to ;20o (both
values are larger than for Jupiter Trojans, for which the apparent magnitude spread is only about 2 mag, e.g., Figure 4 in D. Vokrouhlický et al. 2024). The horizontal
dotted lines between visual magnitudes 20.5 and 21.5 indicate typical 50% photometric efficiency of detections. Some objects brighter than m ; 14.5 (lower dotted
line) may saturate exposures and be undetected due to their slow motion.

Figure 4. Osculating orbital eccentricity e (abscissa) vs. absolute magnitude H
(ordinate) for 4316 Hildas detected during the CSS II period (a similar trend is
seen also in the CSS I detections). The slanted lines show two different type of
correlations: (i) the dashed line expresses an observational bias allowing us to
detect fainter Hildas only when they are near perihelion of their orbit, while (ii)
the dotted line indicates an intrinsic property of the Hildas having larger
eccentricity orbits populated by fainter members. The latter is likely due to the
Yarkovsky-driven diffusion of the resonant population like Hildas toward
larger eccentricities.
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where

( ) ( ) ( )pdN dN p , 2
i

n

i imodel
1

par

=
=

and

( ) ( ) ( )dN p D p dp . 3i i i i i=

Here, ( )D pi i is the 1D distribution function for parameter pi
whose form will be chosen below. In the same way, differential
magnitude distribution dN(H) = DH(H) dH.

The subtlety of  consists of the fact that it is actually
composed of several subpopulations, each obeying the proper-
ties outlined by Equations (1)–(3). The entire Hilda population
is eventually their linear superposition. In particular, we have in
mind partitioning to: (i) the background population extending
continuously over the net region of stability, and (ii) a set of
collisional families localized in a certain orbital region (the
complete list of identified families is given in Table 3, and the
individual membership is provided through our webpage). The
selection of the families used in the model will be specified
below.

3.1. Suitable Orbital Parameters

The definition of the proper orbital parameters p for the Hilda
population in the J3/2 resonance proves to be a more
complicated task than what we did for Jupiter’s Trojan population
in the J1/1 resonance (D. Vokrouhlický et al. 2024). For this
reason, we address this problem at some length in Appendix B,
and we assume here that the reader is familiar with the method.
The resulting set { } ( )p p a e I, , sin ,i p p p pv= = has npar = 4,
and consists of the semimajor axis ap, eccentricity ep, sine of
inclinations Isin p, and the proper longitude of perihelionϖp. The
first three in the set are the traditional basis of proper parameters
and have a close counterpart in the more accurate synthetic
proper elements defined in Appendix C. They are fundamental to
define the orbital architecture in the population. The last in the
set, the longitude of perihelion ϖp, plays a different role in our
model. Data for bright Hildas shown in the left panel of Figure 5
suggest that the intrinsic distribution does not depend on ϖp.
Therefore, ϖp does not hold information about the intrinsic orbit
distribution of Hildas. However, it is needed in the model to
determine the bias-corrected population by including corresp-
onding ϖp-dependent detection probability of faint Hildas (right
panel of Figure 5).

Figure 5. Bottom panels: detected Hilda asteroids during the phase II of CSS operations projected onto the plane of Cartesian folding of eccentricity e vs. perihelion
ϖ, namely ( )e ıexp v : (i) the dotted axes (and the numerical values at the abscissa and on the ordinate) are the osculating heliocentric values of e and ϖ as of MJD
60200.0 epoch, and (ii) the dashed axes (with the origin shifted to the forced planetary term) are the proper parameters ep andϖp. The left panels show H � 15 (bright)
Hildas (the size of the symbol indicating the size of the asteroid), and the right panels show H � 16.5 (faint) Hildas. The enveloping gray circle approximately delimits
the observed population. The dashed circles with ep = 0.12 and ep = 0.22 specify the annulus, from which data shown at the upper panels is registered. These show the
distribution of number of detected Hildas in ϖp using 20o bins. Bright Hildas (top and left) are consistent with uniform distribution within that area. Faint Hildas (top
and right) have a nonuniform distribution with maximum at ϖp ; 60o and minimum at ϖp ; 240o. This is due to the shift of the origin by the forced (Jupiter’s) term
eforced ; 0.08 along the ϖ ; 0o axis. Small (faint) Hildas can be detected only on large-eccentricity orbits with low-enough perihelion.
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Figure 6 shows the population of 6094 selected Hilda
asteroids (Section 2) projected onto 2D planes defined by
combinations of ( )a e I, , sinp p p . Lower-dimensional 1D projec-
tions of the population, which characterize the distribution of
the individual proper parameters, are then shown in Figure 7.
The notable role of collisional families in the population can be
observed mainly in the Isin p distribution.

Consider, for example, that the population at the location of
the Schubart family (the peak near Isin 0.05p , right panel of
Figure 7) contains nearly 1400 members in a single bin in our
representation (with only limited contamination by 100
background asteroids). As a result, population-wise, the
Schubart family may represent more than 21% of the net.
Adding members from other clusters, almost ;60% of the

observed Hilda population may belong to collisional families
(see Table 3). Because their individual magnitude distributions
DH(H) may differ from one another, and in particular could be
substantially steeper than that of the background population (as
already noted, e.g., by M. Brož & D. Vokrouhlický 2008;
I. Wong & M. E. Brown 2017), the population located within
families must be analyzed separately from the diffuse
background.
Background population. In order to proceed further, we

should make a choice of the proper-parameter distribution
functions in Equation (3). Here we seek inspiration from
D. Vokrouhlický et al. (2024), where quasi-Maxwellian
distributions (or their combinations) were found suitable to
represent the Jupiter Trojan population. Additionally, we have

Figure 6. Population of 6094 Hildas known as of 2024 February projected onto 2D planes of proper parameters: (i) ( )a I, sinp p top left, (ii) ( )e I, sinp p top right, and
(iii) (ap, ep) bottom. The size of the symbol correlates with the size of the asteroid. The statistically significant clusters, prominently concentrated in Isin p, are
collisional families. The two largest are associated with (153) Hilda (blue star) and (1911) Schubart (red star). The gray line in the bottom panel shows location of the
stationary point of the J3/2 mean-motion resonance with Jupiter at Ip = 0o (see Appendix B.1).
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some concerns about possible problems in over-parameteriza-
tion of the task. For this reason, we treat the orbital parameter
distribution functions Di(pi) for the background population and
for the individual collisional families in different ways. In the
former case, we consider the coefficients of Di(pi) to be solved-
for parameters in the observational data fitting. Conversely,
Di(pi) for the families will be taken as fixed templates estimated
in an educated way from the observed (biased) population
without further adjusting their coefficients.

In the case of { } ( )p a e I, , sini p p p= proper parameters of the
background population, we assume

( ) ( ) ¯ ( )D p p c
p c

exp
1

2
, 4i i i i

i i

is
= - -

-a
b

⎜ ⎟
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥

with the free coefficients (α, β, σi) and fixed constants ( )c c,i i .
For the latter, we chose: (i) c c 3.951 1= = au for ap, (ii) c2 = 0
and c 0.122 = for ep, and (iii) c c 03 3= = for Isin p.

As for the proper longitude of perihelion ϖp, we argued
above that none of the orbital preference in the intrinsic Hilda
population is expected. Therefore, we consider D4(ϖp) to be a
uniform function.

Population in families. Collisional families were primarily
identified and analyzed in the space of synthetic proper element
space (Appendix C). Their membership has been mapped to the
space of proper parameters. Using these data, we constructed
1D distributions ( )D pi i

fam for ( )a e I, , sinp p p . Finally, ( )D pi i
fam

were represented with suitable smooth functions, which will be
used in Section 5 for bias-corrected population analysis. In the
case of the families, ( )D pi i

fam remain fixed, and optimization
refers only to the magnitude distribution ( )D HH

fam .
Color-coded lines in Figure 7 show ( )D pi i

fam for the three
major families in the Hildas, named Schubart, Hilda, and
Potomac. Specific features are as follows:

1. The semimajor axis ap distributions for Hilda and
Potomac may be well approximated with a simple
Gaussian. However, the Schubart family indicates an
interesting asymmetric feature whose origin may be
twofold. First, the Schubart family resides close to the
exact resonance (stationary) solution. This suggests that
the initial fragments could have been launched, on both
sides from this location in osculating semimajor axis,
while the proper parameter ap only maps it on one side

(see also Figures 16–19 of M. Brož & D. Vokrouhlický
2008, for a more detailed analysis). Second, results from
our numerical simulation shown on Figure 19 indicate
that fragments initially launched to orbits with large ap
value are long-term unstable and might have been
destabilized over the ;1.5−1.7 Gyr age of this family
(e.g., M. Brož & D. Vokrouhlický 2008; A. Milani et al.
2017).

2. The eccentricity ep distributions of all of the presented
families show an interesting structure, namely (i) the
distribution of the Schubart family has two maxima, at all
likelihood created by diffusion of smaller fragments due
to the Yarkovsky effect,9 being reminiscent of the similar
effect discovered for moderately old asteroid families in
the main belt (e.g., D. Vokrouhlický et al. 2006), but in
the resonant configuration maps on the eccentricity,
rather than semimajor axis (M. Brož & D. Vokrouhlický
2008), (ii) the distribution of Hilda family is well
represented using a broad Gaussian, but near ep ; 0.2
it is punctuated by a peculiar concentration of members
(possibly an artifact related to simple proper parameters
or a young subcluster in the family), and (iii) the
distribution of the Potomac family is deficient in
fragments at small ep values, likely caused by the long-
term instability shown in Figure 19.

3. The inclination Isin p distribution is well represented
using simple Gaussians except for the Schubart family,
where a “leg” toward slightly larger values than the
median is seen. This feature is likely produced by a slow
chaotic diffusion of Schubart members at large ap values.

We did not include contributions from the small clusters
Francette and Guinevere, which have about 150 (or less)
known fragments (see Table 3). The reason for this is that they
would not be reliably represented in our solution.

3.2. Magnitude Distribution

Figure 8 shows the differential (left panel) and cumulative
(right panel) distribution of the absolute magnitude values for
the 6094 selected Hilda members (black line), and those
detected during the phase I (blue line) and phase II (red line)

Figure 7. Hilda population represented by the 1D distributions of the proper parameters: (i) ap (left panel), (ii) ep (middle panel), and (iii) Isin p (right panel). The
location of the principal families, most distinctly featured by peaks of the inclination distribution, is indicted by labels (right panel). Data are shown by the gray
histogram with bin size given in Table 8 and used in Sections 4 and 5 to determine properties of bias-corrected Hilda population. The color-coded solid lines illustrate
distribution functions Di(pi) for various subpopulations: (i) background population (black line), (ii) Schubart family (red line), (iii) Hilda family (blue line), and (iv)
Potomac family (cyan line). The green line is their composite, which, after adjustment of free coefficients in Di(pi) should match the observed data. Since the purpose
of this figure is to illustrate the capability of the chosen Di(pi) functions to match the data, their free coefficients were preliminarily guessed here. Their values after
optimization of the model to the observations will be given in Section 5.

9 Indeed, the double-peak profile disappears when limiting to the large bodies
in the Schubart family, say H < 14 (see Figure 27 for more details).
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operations of CSS. While the effect of signal saturation for the
brightest objects in the population (Figure 3) threatened their
detection probability, all were resolved during both phases.
Smaller Hildas were generally detected up to magnitude ;16
during phase II, but a small fraction was missed independently
of the magnitude value during phase I. This difference is
clearly due to the CSS’s fields of view confined to small
ecliptic latitudes, such that objects on higher-inclination orbits
might have simply escaped the CSS viewing geometry.

The simplest model, adopted for instance by I. Wong &
M. E. Brown (2017), is to use a single power law

( ) ( )( )D H N 10 , 5H
H H0= g -

containing two adjustable parameters: (i) population normal-
ization N at reference magnitude H0, which we always fix to
magnitude 16 (one can also set N = 1 and adjust H0 as a free
parameter), and (ii) the slope γ. For the sake of making a
comparison, we perform an initial simulation with the power-
law model above. With some of our data extending to
magnitude H ; 17 (Figure 8), our follow-up approach can be
more ambitious and potentially more accurate at the same time.

Therefore, as in D. Vokrouhlický et al. (2024), we adopt a
more flexible approach originally introduced to study the
magnitude distribution of the near-Earth asteroid population by
D. Nesvorný et al. (2023). In particular, we represent the
cumulative magnitude distribution ( )N Hlog10 < using cubic
splines in the interval 7.5 < H < 18. This range is constrained
by available data: (i) there are no Hildas in our sample with
H < 7.5 (the largest being (153) Hilda with H ; 7.78), and (ii)
there are too few G96 detections beyond the magnitude
;17.75 (the faintest being 2021 QF34 with magnitude ;18).

Nevertheless, we expect reliable results to be obtained all the
way down to magnitude ;17.
In practice, we divide this interval into a certain number of

segments. In each, we consider a mean slope parameter to be a
free parameter (for n segments, this implies n independent
slopes to be fitted). Furthermore, we add the (n + 1)th
parameter representing the absolute normalization Nback(<H0)
of the population at a certain reference magnitude H0; as
mentioned above, we use H0 = 16. There are no additional
parameters to be fitted since the solution for ( )N Hlog10 < is
then fixed by enforcing the continuity (including the first
derivative) at the segment boundaries.
After brief tests of the model, we set up five segments, which

implies six free parameters. Comparing the degrees of freedom
in our approach to the traditional method of Equation (5), we
find that our work does not over-parameterize the problem, yet
it does gain a significant benefit in generality.
We adopt the same approach to describe the magnitude

distribution of the background population and collisional
families. In the latter case, however, we use fewer magnitude
segments, typically 2−4 (depending on the size of the largest
body in the family).

4. Adjustment of the Model Parameters via Calibration on
the CSS Observations

The remaining part of this paper concerns the parametric space
(p; H). The model  and the available observations have been
defined or mapped to (p; H) as discussed in the previous section.
However, to connect them, we need one more piece of information,
namely a bridge in the form of the detection probability ( )p H;
of the survey used. Once known, we can map the ideal-world

Figure 8. Differential magnitude distribution (left panel; bin width 0.25 mag) and cumulative distribution of the selected Hilda population of 6094 asteroids known as
of 2024 January (Section 2). The black line is the total population downloaded from the MPC database; blue shows detections by CSS during the phase I; red shows
detections by CSS during the phase II operations. For the sake of reference, the upper abscissa translates the absolute magnitude value to size using a constant
geometric albedo pV = 0.055, mean value in the Hilda population reported by T. Grav et al. (2012). This information is relevant to understand what part of the
population is being tested in the long-term simulations in Section 6.2.
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model prediction dNmodel(p; H) in (p + dp; H + dH) cell to the
imperfect-world reality dNpred(p; H) represented by the
observations.

The essence of the imperfection is basically twofold. First,
survey operations might have been insufficient to observe
objects throughout the parametric space. The missed portion
must be quantified. Second, the instrument itself exhibits a
plethora of imperfections. For example, it has an apparent
magnitude limit beyond which fainter objects are not detected.
Another example is a limit below which brighter objects are not
detected as moving bodies that can be linked to the Hilda
population. Both of these difficulties also depend on the
apparent motion of the image on the detector.

Fortunately, these two issues have been carefully evaluated
for CCS operations between 2013 and 2022 by D. Nesvorný
et al. (2024) and successfully used in the sister study of Jupiter
Trojans by D. Vokrouhlický et al. (2024). For that reason, we
refer to those papers for further details. Here, we only briefly
outline how they help us construct ( )p H; ; this is presented in
Section 4.1.

The predicted number of observed objects in the
(p + dp; H + dH) cell is

( ) ( ) ( ) ( )p p pdN H H dN H; ; ; . 6pred model=

This value may be directly compared to the real number of
observations. In the process of this comparison, we seek to
adjust free coefficients of the model to achieve the best match.
Our numerical method and tools for this optimization are
presented in Section 4.2.

4.1. Detection Probability

With the approach described above, we now describe our
procedure to determine ( )p H; as a sequence of steps.

In the first step, we consider the orbital part of the parametric
space p divided into small bins (p, p + dp) as specified in Table 1.
In each of them, we generate Norb = 2000 orbits that have their
proper parameters uniformly distributed in the bin. Next, we use the
algorithm described in the Appendix B.3 to assign heliocentric
orbital elements to each of these synthetic orbits. The epoch of
osculation is MJD 60200.0, or 2023 September 13, close to the
epoch of data in the MPC catalog used in Section 2 to identify the
currently known population of Hildas. Each of these orbits is
numerically propagated backward in time for slightly more than a
decade, namely to 2013 January 1, which predates the first
available frame of the phase I observations of CSS.

In the second step, we consider information about CSS
operations during phases I and II (Section 2). This includes a full
list of frames with a specific field of view obtained at certain times:

there are (i) NFoV = 61,585 such frames in the phase I, and (ii)
NFoV = 162,280 such frames in the phase II operations of CSS
(together making 223,865 frames available). Next, we analyze the
orbital history of the synthetic trajectories propagated from the
orbital bins in p and consider whether they geometrically appear in
the field of view of any of the CSS frames. To do this, we use the
publicly available objectsInField code (oIF) from the
Asteroid Survey Simulator package (S. P. Naidu et al. 2017). For
frames not crossed by the particular orbit, we assign a detection
probability ò = 0 of that orbit.
In the third step, we consider the opposite situation, namely

when a given orbit appears to be in the field of view of a certain
frame, we need to evaluate the true detection probability. We
turn to the work of D. Nesvorný et al. (2024), who conducted a
detailed analysis of moving objects identified in each of these
frames and determined their detection probability ò(m, w) as a
function of the apparent magnitude m and of the rate of motion
w. The only modification of this initial analysis concerns
dependence on w. While D. Nesvorný et al. (2024) used the
CSS observations to characterize the near-Earth asteroid
population, large values of w presented a problem for a
detection. In the case of distant populations, like Jupiter
Trojans and Hildas, small values of w lead to difficulties. This
issue was analyzed by D. Vokrouhlický et al. (2024; e.g., see
their Figure 1), and we adopt their method for analyzing the
Hildas. Fortunately, this problem is not severe, as Hildas
typically move slightly faster than the Trojans.
At this point in our analysis, we also add the magnitude

component of parametric space (the previous geometric
considerations do not depend on H). We test a sufficient range
of absolute magnitudes H between 7.5 and 18 using 0.1 mag
bins (Table 1) and compute the apparent magnitude m on the
frame using Pogson’s relation:

( ) ( ) ( )m H R P5 log . 7a= + D -

As expected, m is directly related to the absolute magnitude H,
which satisfies the dependence of  on H, along with several
correction factors. The second term on the right-hand side of
Equation (7) follows from the flux decreasing with heliocentric
distance R and observer distance Δ (these values are known
from the simulation and epoch of the observation).
The last term is the phase function, which depends on the phase

angle α (i.e., Sun-asteroid-observer). We adopt a simple H − G
magnitude phase function system and the slope parameter
G = 0.15 (see, e.g., E. Bowell et al. 1989). This is mainly
because the absolute magnitude valuesH used here are taken from
the MPC database that uses this setup. Alternatively, we also
tested a linear phase function P(α) ∝ α with ;0.05mag per
degree slope. This approximation matches the few detailed
observations available for Hilda members from the Kharkiv group
(e.g., I. G. Slyusarev et al. 2012, 2013; I. Slyusarev et al. 2014).
Modeling additional uncertainty factors in m, such as the role

of the rotation phase in the detection of small, irregularly
shaped asteroids, represents a difficult problem, and we
do not include it in our analysis (see also discussion in
D. Vokrouhlický et al. 2024).
As a result of our three steps, we have computed the

corresponding detection probability òj,k for (i) each of the
synthetic orbits j = 1, K, Norb, (ii) each of the frames
k = 1, K, NFoV and (iii) all of the H magnitudes within the
needed range. Finally, the representative detection probability
assigned to the (p + dp; H + dH) bin over the whole duration

Table 1
Orbital Parameters and Absolute Magnitude Space Considered in Our Model

Parameter Min Max Bin Width Number of Bins

ap (au) 3.95 4.05 0.0025 40
ep 0 0.32 0.01 32

Isin p 0 0.35 0.007 50

ϖp 0o 360o 30o 12
H 7.5 18 0.10 105

Note. The second and third columns specify minimum and maximum values of
the parameter, the fourth column is the width of the bin, and the fifth column
gives the number of bins.
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of the survey is expressed as
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Note that  is actually evaluated as a complementary value to
the nondetection of the body, which on each frame reads
1 − òj,k. Similarly, we define the representative rate of detection
as
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providing the mean number of frames in which the synthetic
Hilda asteroid should be detected by the survey.

4.2. Optimization of Model Parameters

Consider now a certain bin (p+ dp;H+ dH) indexed j in which
CSS detected nj(�0) individual Hildas and our model predicted
λj = dNpred(p; H) such objects (see Equation (6)). Assuming that
the conditions of Poisson statistics are satisfied, drawing nj objects
out of λj expected obeys a probability distribution

( )
( )
!

( )p n
n
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. 10j j

j
n

j

j

jl l
=

-

Combining the information from all bins in orbital-magnitude
parameter space, and assuming no correlations among the bins,
the joint probability of the model prediction versus data reads
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Finally, the target function (log-likelihood) is defined as

( )P nln ln , 12
j

j
j

j j å ål l= = - +

where a constant term ( !)nln
j

jå- has been dropped representing

just an absolute normalization of  that cannot affect the
optimization of the model coefficients. For reference, if the results
of two independent surveys are to be combined, such as Hilda
observations from the phase I and phase II operations of CSS, we
simply sum their respective  values. The optimization procedure
aims to maximize  in the space of free coefficients of.

We use a powerful and well-tested MultiNest10 code to
perform the optimization procedure, namely parameter estima-
tion and error analysis (e.g., F. Feroz & M. P. Hobson 2008;
F. Feroz et al. 2009). The popularity and power of
MultiNest stems from its ability to deal efficiently with
complex parameter space that can be endowed with degen-
eracies in high dimensions. For the sake of brevity, we refer to
the literature quoted above to learn more about this versatile
package.

5. Results

5.1. Detection Probability of CSS Observations

Before presenting our main results, we briefly discuss the
behavior of the detection probability ( )p H; . Our goal is to

help future researchers avoid mistakes in formulation and
coding, as well as provide a check on the expected features
hinted at by observations.
In Figure 9 we have fixed semimajor axis and eccentricity to

ap = 3.99 au and ep = 0.155. From there, we display ( )p H; for
a variety of Isin p values and two specifically chosen values of
ϖp = 45o and 225o. We expect, and the results confirm, two
distinct trends, especially in the longer-lasting phase II of CSS
operations.
First, higher-inclination orbits have a lower detection probability.

This correlation is stronger in the phase I data due to their
confinement to low-ecliptic latitudes (Figure 1). Second, the
ϖp = 45o branch data reach higher ( )p H; values compared to
the ϖp = 225o branch data for faint Hildas (H� 15.5). This
behavior, produced by Jupiter’s systematic perturbations on the
orbits of the Hilda asteroids, was hinted at by the observations
(Figure 5). We also note that ( )p H; never reaches unity in the
phase I data for inclination Isin 0.15p  , even for bright Hildas.
This outcome is a purely geometrical effect of sampling in the
fields of view at only low-ecliptic latitudes. In effect, we are
missing some asteroids that reach higher latitude values. Some
others are also missed due to the 3 yr span of this early phase,
which obscures trends in the ϖp dependency of  .
Another look at the ϖp dependence in our analysis is given

by Figure 10. Here we keep the same ap and ep values as before
and additionally fix Isin 0.05p = , which corresponds to the
Schubart family. We plot ( )p H; as a function of ϖp for four
values of absolute magnitude H: (i) a very bright case with
H = 7.5, and (ii) a series of three H values where faint
detections are made.
Again, the tendencies are best exemplified during the CSS

phase II. As hinted at by the data in Figure 5, the detection
probability of Hilda asteroids only weakly depends on ϖp for
bright objects. In contrast, the fainter Hildas gradually exhibit a
dependence on ϖp, with the nondetection interval located near
ϖp ; 180o−280o. These orbits have small values of the
heliocentric osculating eccentricity, and in perihelia they are
too far from the observer to overcome the telescope detection
limit. The phase I results are affected by two drawbacks: its
short duration and incomplete sky coverage of the fields
of view.
In order to simply communicate the probability with which

CSS detects Hilda objects of a given absolute magnitude value
H, we define the average detection probability ( )H by
integration over the orbital space

¯ ( )
( ) ( )

( )
( )

p p p

p p
H

d w H

d w

;
, 13

4

4


ò
ò

=

where the weight is given by the product of the 1D distribution
functions Di(pi) of proper orbital parameters from Equations (3)
and (4)

( ) ( ) ( )pw D p , 14
i

i i
1

3

=
=

and d4p is the volume element of the parametric space (this
time including also ϖp). We can also choose the weighting
specific to a particular subpopulation of Hildas, namely the
background population of a certain collisional family. The
formal integrals in Equation (13) are simplified by summation
over the bin grid defined in Table 1. We also define the average10 https://github.com/JohannesBuchner/MultiNest

10

The Astronomical Journal, 169:242 (31pp), 2025 May Vokrouhlický et al.

https://github.com/JohannesBuchner/MultiNest


detection rate ( )H of a representative Hilda member of
magnitude H using Equation (9) in the integrand of the
Equation (13) numerator.

Figure 11 shows ( )H for both phases I and II, as well as for
various choices of the weighting kernel w(p) (from individual
families to the whole population). The expected features
include overall better CSS performance during phase II, with
minimum dependence on orbital inclination (represented by the
low-inclination Schubart family and higher-inclination Hilda
family). They also show formal completion at H ; 15. Another
expected feature comes from the detection probability during
phase I. It is smaller than unity, even for small H values (bright
Hildas), due to the CSS fields of view missing high ecliptic
latitudes.

The inset panels in Figure 11 show the behavior of ( )H for
the brightest Hildas, namely for H� 7.5−9. Here, the

probability is smaller than unity, even in phase II due to signal
saturation to a small degree. This is most prominent when
ϖp ; 60o−150o, which forces some of the objects to near-
perihelion locations where they would undergo putative
detection.
Figure 12 shows complementary information to the

detection probability discussed above, namely the population
averaged rate of Hilda asteroids detection ( )H for both
phases I and II (shown by the black line). They can be
compared to the real CSS detections (black dots). The
reasonable match between the lines provides an independent
justification of our model. ( )H drops for both bright and
faint objects for the reasons discussed above, namely that the
bright Hilda asteroids tend to have signals that sometimes
saturate on the CCD chip, while the faint ones drop below the
detection limit of the telescope.

Figure 9. Detection probability ( )p H; for the Hilda asteroid having orbital parameters ap = 3.99 au, ep = 0.155, all sampled values of Isin p (smaller values larger
detection probability for a given H), and two values of ϖp = 45o (dark gray curves) and 225o (light gray curves) as a function of the absolute magnitude H. The left
panel shows phase I, and the right panel shows phase II of CSS operations. The color-coded curves are for the approximate inclinations of the major families: (i) red
for Schubart, (ii) blue for Hilda, and (iii) cyan for Potomac families. The detection probabilities for ϖp = 225o are shifted by up to ;0.5 mag in H compared to
ϖp = 45o values for faint objects in phase II (see also Figure 5 are related discussion). The spread with orbital inclination is small for the phase II data thanks to field-
of-view sampling of high ecliptic latitudes (Figure 1). The phase I operations are concentrated more closely to the ecliptic zone; thus, the detection probability falls
more rapidly with increasing inclination value. Additionally, even the lowest-inclination probability of phase I is somewhat smaller, and the ϖp trend is less evident
due to its considerably shorter time span.

Figure 10. Detection probability ( )p H; for Hilda asteroid having orbital elements ap = 3.99 au, ep = 0.155, Isin 0.05p = as a function of ϖp for four values of the
absolute magnitude H: (i) 7.5 (cyan curve), (ii) 15.45 (red curve), (iii) 15.95 (blue curve), and (iv) 16.45 (green curve). In the CSS phase II case (right panel), ( )p H;
for the groups (i) and even (ii)—brightest from the faint group—does not depend on ϖp (or only weakly). Conversely, ( )p H; for fainter groups (iii) and (iv)
becomes strongly dependent on ϖp. Statistics of the observed Hildas (Figure 5) match the predicted profile with maximum at ϖp ; 45o and minimum at ϖp ; 225o.
The trends in the CSS phase I are affected by field-of-view incomplete coverage of sky and its short duration.
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This behavior is similar to Jupiter Trojans (see Figure 19 in
D. Vokrouhlický et al. 2024), but Hildas exhibit an interesting
difference, namely, a long tail of detections beyond absolute
magnitude 16. This stems from the large orbital eccentricities
of some Hildas, allowing smaller bodies to occasionally be
detected near perihelion.

The drawback of our detection rate definition in Equation (9)
is that small (but nonzero) probabilities, when added together,
may eventually result in a number smaller than unity for faint
Hildas (H� 17). True detections, however, increment in
integer numbers. In order to account for this fact, we also ran
our survey simulator, turning the field-of-view probabilities òj,k
( jth simulated orbit in the kth field of view) into detections (or
nondetections) in a Poissonian manner. By estimating the
population in each 0.1-wide magnitude bin from Figure 8 (left
panel), we could consider, in each p-space bin, the minimum
and maximum possible integer detections from this sample.

The corresponding range over all orbital space is shown by the
gray area in Figure 12. Although this admittedly pushes the
range of detection rates to extreme values, the envelope
successfully captures the trend defined by true CSS detections.

5.2. Fitting the Observed Hilda Population

As part of our code testing, we first performed simulations
using CSS observations acquired separately during phases I
and II. Once we verified that these results were satisfactorily
compatible, we performed a global simulation that took into
account all CSS observations. In what follows, we only present
and discuss the results obtained in this global fit.
The model parameters were optimized by seeking the

maximum of the target function Equation (12) in the parameter
space (p; H) introduced above. Technically, (p; H) was divided
into more than 70 million bins specified in Table 1, where the
parameter boundaries are also provided. The only exception

Figure 11. Population-wise weighted detection probability ( )H computed using Equation (13) (left panel for phase I; right panel for phase II of the CSS operations).
Different curves for specific choice of the weighting function w(p): (i) background (green), (ii) Schubart family (red), and (iii) Hilda family (blue). The composite total
is the black line. The embedded plots show the behavior of ( )H for the brightest Hildas and two specific values ofϖp = 75o (red) and 285o (blue). Here the detection
probability may again drop from unity due to signal saturation, especially when the asteroid is sensed near perihelion of its orbit (red curve). This problem, and the sky
coverage incompleteness, manifest primarily in the CSS phase I due to its short duration. In the twice-as-long phase II, even the bright Hildas may eventually appear to
be observable close to the aphelion of their orbit, increasing their apparent magnitude to allow detection.

Figure 12. Number of detections for each unique Hilda in the CSS phase I (left; 2970 bodies) and phase II (right; 4317 bodies) plotted as a function of the absolute
magnitude. Each black dot stands for one observed Hilda member. The blue curve is the mean number of detections in a 0.25 wide magnitude bin, and the vertical bars
are statistical dispersion within the bin. The black line is the population-wise weighted ( )H prediction from our model. The gray area delimits our simple estimate of
a range defining in 0.1-wide bins the minimum to maximum number of detections as a function of H (see the text for more details).
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was the maximum value of the absolute magnitude H, which
was taken to be 17 in our nominal simulation (this is because
the amount of available data beyond that limit was already too
small; see Figure 8).

The optimization algorithm is based on matching CSS
observations projected to (p; H) and the prediction of the biased
model dNpred(p; H) given in (6). The bias-corrected part of the
model, dNmodel(p; H), is made up of a direct product of 1D
distributions individual to each of the parameters. Additionally,
the model linearly superposes contributions from the back-
ground population and the populations in collisional families in
the orbital (4D) sector (given by p) and the absolute magnitude
(1D) sector (given by H). In our simulations, we only used
three major families (Hilda, Schubart, and Potomac). The
remaining three clusters listed in Table 3 contain too few
members at this time to be well resolved by the model.

The adjusted model coefficients define (i) the spline
representation of the cumulative H-distribution of both the
background and families’ populations (Section 3.2), and (ii) the
orbital distribution of the background population (Section 3.1).
The localization of the families in orbital space has been
predefined by template functions matching their identification
in the Appendix C. However, note that the CSS observations
themselves are not divided into background and family

components. This separation is only performed by the
MultiNest code.
Figures 13 and 14 show a comparison of the CSS data

distributions, for both phases I and II, and the distribution of
the biased model dNpred(p; H). Here we present 1D distribu-
tions for the parameters by simply summing over all other
parameters. On the model side, we show the best-fit solution
and a 1σ surrounding zone obtained by analyzing 10,000
posteriori solutions with similar values of the log-likelihood
function  provided by MultiNest.
The match between the model and the observations in these

simple 1D representations is arguably good. Some outlier cases
in the orbital proper-parameter distributions in Figure 14 may
be due to missing collisional families or a slight mismatch in
our template functions for the included families (see, for
instance, the signal near ap ; 4.02 au, ep ; 0.08−0.13
or Isin 0.24p ).
A modest deficiency in the Schubart family population is a

notable feature of the right panel of Figure 14. This feature is
probably related to its correlation with other orbital proper
parameters and a likely small inaccuracy of Schubart-family
template functions. As an aside, in reality, the true localization
of the Schubart family in p may not be well represented by a
simple product of 1D distributions. However, generalizations
beyond this model are left for future work.
We assumed that each of the components in the Hilda

population (background and families) has a uniform intrinsic
distribution in ϖp. However, the observed faint Hildas show a
selection bias toward certainϖp values that make it possible for
them to be detected near perihelion, if they have a sufficiently
large eccentricity (Figure 5). Therefore, an additional test of the
bias function ( )p H; is provided by comparing the ϖp

distributions determined by observations and the model
(Figure 15). The match is very good for data of phase II
(expressing the principal variation with a maximum for
pv v¢ due to Jupiter’s forced term; see Equation (B12)

and related discussion in Appendix B.2), but unaccounted-for
correlations with the distribution in other orbital parameters
may contribute to differences in several bins that are slightly
above statistical noise. As expected, the agreement is slightly
worse in the phase I data.

5.3. Bias-corrected Hilda Population

Removing the multiplicative factor ( )p H; from the
dNpred(p; H) distribution is a direct way to obtain the intrinsic
(bias-corrected) model distribution dNmodel(p; H) (Equation (6)).
Figure 16 shows the intrinsic cumulative magnitude

distribution of the background population and the three families
included in the simulation (black lines). For comparison, we
also show the cumulative distributions of the biased observa-
tions. The observed asteroids in the background population are
represented by the CSS data (red lines) and the MPC data (blue
line). Note that the latter contains significantly more faint
objects, with contributions included from large-aperture
surveys such as Pan-STARRS or dedicated efforts using big
telescopes such as Subaru or Keck. Still, the MPC observed
population remains at all magnitudes smaller than the intrinsic
population predicted by our model, thereby providing a good
sanity check on our work. In fact, it may appear surprising that
the model prediction for the background population stays
higher than the MPC set for bright objects like those with
magnitudes ;12−13. At these brightnesses/sizes, the Hilda

Figure 13. Differential magnitude distribution of the G96 observations (blue
for phase I and red for phase II) compared with the best-fitting biased model
(black line with a σ interval, based on analysis of 10,000 posterior random
samples of the model, depicted by the gray zone). The ordinate normalization
corresponds to the magnitude 0.1 mag bins used for the model. The data,
originally allocated to 0.2 mag bins, were smeared into the neighboring 0.1
mag wide bins for direct comparison with the model (this also implies that the
lowest occupancy is “0.5 body"). The largest detected objects with H < 9 mag
(four in both phases I and II) are shown individually by symbols (the model
predicts slightly less than one object in this range, but the fit is dominated by
H > 9 mag objects).
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population is complete. The observed difference stems from
our ability to separate the background population from
members in collisional families. Indeed, when we compare
the model prediction of the complete bias-corrected population
(background together with families), it closely matches the
MPC sample to magnitude H ; 16.4.

The solution for the three main families, Schubart, Hilda,
and Potomac, is shown by the bottom curves identified with the
labels 1, 2, and 3, respectively. Here, the result is modestly less
satisfactory, especially in the case of the Hilda family in which
the model undershoots the population identified by the
clustering method in the proper element space (Appendix C).

We suspect that this difference is related to an inaccuracy in the
mask function of the family within the p space. We use the simple
product of three 1D distributions in ( )a e I, , sinp p p for both
background and family representation, but in reality the exact
family structure in this space is more complicated, especially for
extended and diffuse families like Hilda and Potomac. As a
consequence, if we compare the intrinsic model solution for the
Hilda and Potomac families, we find that both fall short of the
population from the hierarchical clustering method (HCM) shown
in Figure 26. Conversely, some of the Hilda and Potomac members
that leaked into the background population in our model are the
probable source of the overabundance discussed above.

Our solution for the more compact Schubart family is better.
In the first magnitude segments used in this case, namely 12
−14, 14−15, and 15−16, we found mean slope values of
1.00 ± 0.18, 0.62 ± 0.04, and 0.63 ± 0.02, respectively, and a

population of 738 ± 22 with H� 16. At this magnitude limit, it
represents 46% of the background population. In the magnitude
range 16−17, the slope becomes shallower and goes to
0.44 ± 0.02. Here again, however, the family template function
that we used in orbital space was probably too simple, such that
some of Schubart’s small and more dispersed members were
incorrectly associated with the background population. A more
complex analysis of this issue is left for future work.
The three collisional families included in our fit contain

1451 ± 65 members with H� 16. Together with the asteroid
clusters not accounted for, and the probable leakage of some
family members to the background population, the families
include approximately 50% of the total Hilda population at this
magnitude limit.
Table 2 and Figure 17 provide information on the numerical

coefficients (including formal uncertainty and mutual correla-
tions) that define the background population. While those of
the orbital segment are less straightforward, those characteriz-
ing the magnitude distribution are more easily understandable.
We find that the background population of Hildas has
1605 ± 36 objects with H� 16. The cumulative distribution
is steeper for large Hildas, and becomes shallower for objects
having magnitudes greater than H ; 10. This change in slope is
reminiscent of the Jupiter Trojan magnitude distribution, but on
both sides of the dividing magnitude H ; 10, Hildas have
shallower slope exponents.
For example, in the first segment (7.5�H� 9.5), we find

γ1 = 0.46 ± 0.24, with a large formal uncertainty due to its

Figure 14. Projected distributions of the proper orbital parameters ap (left), ep (middle), and Isin p (right) of the biased Hilda population from our model (red lines) and
the G96 observations (black histogram) using the phase I (bottom panels) and phase II (top panels) data. The shaded gray area delimits the σ region of the solution
(created by 10,000 posterior random samples of the model). The blue histogram is the best-fitting model of the background population. The residual mismatch is most
likely expression of two effects: (i) a slight inaccuracy (or simplicity) in the template masks of the families accounted for and absence of smaller clusters, and (ii)
possible correlations of the orbital distribution in the orbital elements.
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small population. It bends in the second segment
(9.5�H� 12) to γ2 = 0.36 ± 0.08. In the comparable
magnitude interval, Jupiter Trojans have slopes of ;0.65 and
;0.43 (see D. Vokrouhlický et al. 2024). For H > 12 bodies,
Jupiter Trojans maintain an average slope of ;0.44, while
Hildas have a mean value of only ¯ 0.32 0.04g =  between
magnitudes 12 and 17.

Analysis of the cumulative magnitude distribution defined
by cubic splines allows us to determine a locally defined slope
γ for the entire range of H values described by the model. In
particular, at each of the dH = 0.1 mag intervals used by the
model (see Table 1), we determine an increment dN of the
intrinsic population and define ( )/d N dHlogg = . The result is
shown in Figure 18. The limited Hilda population for H� 11
makes the respective value of γ uncertain, but for smaller
Hildas, γ is reasonably well determined. Although the mean
value is ;0.32, the formal uncertainty of the locally defined γ
is small enough to resolve the possible dependence on H, the
principal characteristic being a maximum at H ; 15. We
discuss this behavior of γ(H) further in Section 6.

5.4. Variant Simulations

In Sections 5.2 and 5.3, we presented the results of our
nominal model. Although the fit to the data provided each

model parameter with their reported uncertainty (e.g., Table 2),
these values must be considered formal. The reason for this is
because the model itself represents a certain choice. Only when
a variety of such models with different parameter choices are
used can more realistic uncertainties be evaluated. In this work,
we do not make extensive efforts in this direction, but instead
restrict ourselves to a few examples.
Restricted range of magnitude distribution. Our nominal

model includes the largest Hildas, but there is only a small
number of them scattered irregularly throughout the Hilda
stability zone. Given that our approach couples orbital and
magnitude distributions, the small number of the largest objects
may affect the results in an inconvenient manner. Therefore, in
the first variant of the nominal model, we omitted asteroids of
magnitude H < 10. In practice, we dropped the first magnitude
segment and shifted the lower boundary of the second segment
(now becoming the first) to H = 10. Otherwise, the model
remained identical to that presented in Sections 5.2 and 5.3.
The results are essentially identical to the nominal model,

showing that the weight given to the largest Hildas is minimal.
For example, the background population with H� 16 now has
1606 ± 38 objects, and the counts of members in the three
families are also well within the uncertainty interval of the
nominal solution.
Simplified magnitude representations: broken and single

power-law models. Next, we opted to keep the orbital

Figure 15. Projected distributions of the proper orbital longitude of perihelion
ϖp of the biased Hilda population from our model (red line) and the G96
observations (black histogram) using the phase I (bottom panel) and phase II
(top panel) data. We used here data for faint objects, the H value in between
15.5 and 17. The shaded gray area delimits the σ region of the solution (created
by 10,000 posterior random samples of the model). The quality of the phase II
(both in time span and sky coverage) results in a rather good match between the
observations and the model. Except for a mismatch in the ϖp range
120o−180o, the model performs acceptably well even in the phase I (bottom
panel).

Figure 16. Bias-corrected cumulative magnitude distribution of the Hilda
population based on G96 observations. The background population, shown by
the upper curve, is separated from the major families (see Table 3): Hilda (label
1), Schubart (label 2), and Potomac (label 3). The red lines are the CSS
observations (solid lines are the data in phase II, dashed lines are the data in
phase I), and the black line is the bias-corrected model with σ interval (gray
zone). The blue line is the whole background population from the MPC
catalog. The vertical dashed lines show the magnitude segments used for the
representation of the background population (Table 2).
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distribution and collisional family modeling as before, but we
simplified the way we express the cumulative magnitude
distribution of the background population. In this variant,
instead of a five-sector model with a normalization parameter
Nback, we now use a simpler broken power-law representation
between the H = 7.5 and 17 mag. This means two sectors with
mean slopes γ1 and γ2 divided at a breakpoint Hbreak and a
normalization constant Nback at H0 = 16. Accordingly, rather
than using a six-parameter magnitude model, our new approach
has four adjustable parameters (γ1, γ2, Hbreak, Nback).

We focus on results related to the magnitude sector (subject
to the principal change). Upon convergence, we obtained
Nback = 1785 ± 103, Hbreak = 10.1 ± 1.0, and γ2 =
0.30 ± 0.02 (with γ1 = 0.2 ± 0.1 only poorly constrained). We
compared Bayesian-based evidence factors Pln (Equation (12))
of the best-fit solutions provided by MultiNest. The relative
preference of one over the other models is directly determined
by the value of [ ( )]Pexp lnD . Since ( )Pln 6.5D = - in this
case, the likelihood of the simple broken power-law model is
∼1.5 × 10−3. This value indicates this model variant is clearly
an inferior solution. Indeed, the differential data in Figure 13
exhibit a curvature near H ; 13 that calls for more than a single
exponent γ of the model.

We also considered an even simpler case, in which we
discarded all Hildas with H < 10 and fit the background
population using a single power-law model in between

magnitudes 10 and 17. We obtained the slope γ = 0.34 ±
0.06 (very close to the results in I. Wong & M. E. Brown 2017)
and a population of 1570 ± 35 for H� 16. As before, the
simple power-law magnitude models have problems dealing
with the curvature in the distribution over a large range of
values.
Extension of the orbital modeling. In the next variant case,

we represent the Hilda magnitude distribution in the same way
as in the nominal model, but we slightly extend the orbital
model. In particular, the eccentricity distribution function

( ) [ (( ¯ ) ) ]/D e e e cexp 0.5 e e2 p p p s= - -a b had a fixed value
c̄ 0.12e = . We have now made this parameter adjustable, thus
extending the set of solved-for parameters by one more.
This allowed us to obtain c̄ 0.15 0.04e =  , a slightly higher

value than in our nominal model presented above. As expected,
with one more free parameter in the model, the fit to the
eccentricity distribution (middle panels in Figure 14) improved.
The Bayesian evidence score is superior by ( )Pln 9.3D = -
over the nominal model, which implies that the likelihood of
the nominal model is only ∼9 × 10−5 compared to this
extended variant.
Despite this impressive improvement, the overall population

did not change (basically all parameters of the magnitude
distribution remain the same as in Table 2). Our takeaway
message is that there are avenues to improve the orbital model,
but the background population statistics is reasonably robust.
This may change if the distribution functions for collisional
families were reevaluated, but this complex task awaits
future work.

6. Discussion and Conclusions

The main results of our work can be summarized as follows:
(1) D. Vokrouhlický et al. (2024) developed a novel

formalism to simultaneously determine the orbital and
magnitude distribution of a small-body population. It was
applied to the case of the Jupiter Trojans. Here we used the
same approach to characterize the orbital architecture and
magnitude distribution of the Hilda population, which resides
in the stable region of the 3/2 mean-motion resonance with
Jupiter.
Although the magnitude distribution description is the same

for each study, with both using a cubic-spline representation of
the cumulative distribution, the orbital model is different. First,
the simplest semianalytical model for Hilda dynamics is more
complex than those used for Jupiter Trojans. Second, Hilda
orbits have their largest osculating eccentricity correlated with
their longitude of perihelion, and both are restricted to a limited
interval of values. In our analysis, this effect required us to
extend the 3D orbital space of semimajor axis, eccentricity, and
inclination by longitude of perihelion. The population distribu-
tion functions, smooth in the model formulation, were
represented by their discrete values in bins that parsed 4D
orbital and 1D magnitude space (we use more than 750,000
bins for orbits and 100 bins in magnitudes). Similarly to the
Trojan study, we characterized the background (dispersed)
population separated from the populations within the colli-
sional families.
(2) We provide a new catalog of proper orbital elements for

the Hilda population (Appendix C). This allowed us to identify
statistically significant clusters using hierarchical clustering
analysis, which we interpret as collisionally born asteroid
families. We found six cases, of which five were previously

Table 2
Median and Uncertainties of Hilda Background Population Parameters in the

Nominal Model

Fixed Median ±σ

Semimajor axis: D1(ap)
ca 3.95 L L
α L 1.58 0.12
c̄a 3.95 L L
σa L 0.044 0.002
β L 3.73 0.22

Eccentricity: D2(ep)
ce 0 L L
α L 1.05 0.05
c̄e 0.12 L L
σe L 0.11 0.03
β L 3.87 0.24

Inclination: ( )D Isin3 p

c Isin 0 L L
α L 1.65 0.21
c̄ Isin 0 L L

Isins L 0.011 0.006
β L 0.79 0.09

Magnitude distribution parameters
Nback L 1605 36
γ1 L 0.47 0.24
γ2 L 0.36 0.08
γ3 L 0.29 0.02
γ4 L 0.37 0.01
γ5 L 0.33 0.01

Note. The six parameters at the bottom part of the Table specify the cumulative
magnitude distribution: (i) γi are mean slopes on five magnitude segments
defined by intervals (7.5−9.5, 9.5−12, 12−14.5, 14.5−16, 16−17), and (ii)
Nback = Nback(<H0) is the complete population up to H0 = 16 mag. The nine
parameters in the upper part of the table specify the coefficients of the orbital
distribution Di(pi) functions given by Equation (4) for ( )p a e I, , sinp p p= .
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reported in the literature. The increased number of asteroids in
these populations led to a more accurate description of their
nature, with the most outstanding case being that of the
Schubart cluster. In general, asteroids in families represent
more than 60% of the Hilda population, a fraction that is
exceptionally large among other small-body populations.

(3) We applied our model to the observations of the CSS
station G96 taken between 2013 January and 2022 June. More

than 220,000 documented fields of view were well character-
ized in terms of detection probability, which is a function of
each body’s apparent magnitude and rate of motion across the
sky. The G96 camera upgrades in 2016 May made us split the
survey period into phases I and II, which we consider as two
independent surveys. During phase I, G96 detected 2970
individual Hildas (with 8686 detection in total). These numbers
increased during phase II to 28,930 detections of 4317

Figure 17. The posterior distribution of 15 model parameters (p1, K, p15) characterizing the background population of Hildas from our nominal fit to G96
observations (also called the “corner diagram”). The individual plots are labeled (1)–(15) following the model parameter sequence given in Table 2; the first nine
parameters determine the orbital distribution in proper parameters, and the last six parameters determine the absolute magnitude cumulative distribution (with the tenth
parameter being the normalization at 16 mag, and the last five parameters being the mean slope values in the chosen segments). The near-to-circular distribution of the
parameter solution indicates uncorrelated parameters. In some cases though, correlations exist and are shown by quasi-linear parameter dependence (e.g., p1 vs. p2, p1
vs. p3, etc.). These are well understood from the functional form of the distribution functions Di(pi) given in Equation (4).
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individual Hildas. In total, a significant fraction (more than
70%) of the entire Hilda population known today was thus
detected by CSS. Following D. Vokrouhlický et al. (2024), we
determined the detection probability defined over the orbital
elements and the absolute magnitude range used by our model.
The detection probability is a convolution of the aforemen-
tioned detection probabilities within a given field of view and
the probabilities that occur in any of the survey fields of view.

(4) We applied the MultiNest code to modify the free
parameters of our model to reach a maximum likelihood match
to CSS observations. This outcome leads to a suitably robust
algorithm to tackle the multiparametric task with existing
correlations. Conveniently, MultiNest also provides poster-
ior distributions of the solved-for parameters, enabling us to
evaluate the statistical significance of the model and its
components.

(5) Although the quantitative solution of the orbital part of
our model is interesting on its own, the principal finding
concerns the absolute magnitude distribution. By separating out
collisional family members from the smooth background, we
found that the mean power-law exponent of the background
population in the range (11, 17) is only 0.32 ± 0.04. This is
significantly shallower than that found over a similar range for
Jupiter Trojans (see D. Vokrouhlický et al. 2024, and
references therein). Alternately, we can also express the same
result in absolute population numbers. D. Vokrouhlický et al.
(2024) found the following background biased-corrected
populations of Jupiter Trojans with H� 14.5: (i) 3951 ± 44
in the L4 swarm and (ii) 2664 ± 36 in the L5 swarm. In
contrast, our nominal model of the Hilda population only has
437 ± 21 asteroids in the biased-corrected background
population. This low value is a surprise, considering that
models indicate that the number of bodies captured from the
primordial Kuiper Belt for the Trojans and Hildas should be
comparable to one another (D. Vokrouhlický et al. 2016).
Although the difference between the L4 and L5 populations
represents a problem of its own, the substantially smaller Hilda
population over this magnitude range is an additional puzzle
that needs to be understood.

In what follows, we briefly comment on some of our results
presented above. We also set the stage for further studies,
building on results of the present paper.

6.1. Slope Variation of the Hilda Magnitude Distribution

We first consider the exponent of the local slope of the
cumulative absolute magnitude γ(H) distribution. We find that
the local slope of the background population γ increases for
H > 14.5. This behavior is interesting and requires an
explanation (Figure 18).
One speculative possibility is that there is no change in the

power-law slope of the size–frequency distribution, but instead
the mean albedo increase for smaller objects near this
transition. For example, if we assume (i) pV = 0.06 for
H� 14 and (ii) pV ; 0.06 + 0.015 (H − 14) for H� 14, we
would obtain exactly the observed increase in γ(H) between
magnitudes 14 and 15.5. Although such behavior cannot be
ruled out at this time, we find it unlikely.
A second possibility, one that we consider more plausible, is

that this is where we are seeing the contribution of collisional
families either not accounted for or not treated well enough in
our simulations. For example, the medium and small families
listed in Table 3, namely Francette and Guinevere, were not
included in our fit. Furthermore, some families may be so
dispersed that the hierarchical clustering technique used in the
Appendix C may not be able to identify them. A missing family
might explain the local peak in the proper inclination
distribution near Isin 0.24p (see the rightmost panels in
Figures 7 and 14).
Finally, in Section 5.3 we noted that the intrinsic population

of the major families included in our simulation is under-
estimated at magnitudes H� 14.5, a problem likely related to
their complicated structure in proper element space. In effect, it
is impossible for them to be represented by a simple product of
1D distribution functions in each of the proper elements alone.
As a consequence, some family members missing in our
solution for the dispersed Hilda and Potomac clusters could
have leaked to the background population, therefore increasing
the background slope γ.

6.2. Long-term Dynamical Stability of the Hilda Population

As a preliminary step toward understanding the shallow
power-law slope of the background population, and possibly
that of old and dispersed families like Hilda, we conducted the
following set of numerical experiments.

Figure 18. The local slope of the cumulative absolute magnitude distribution
for the bias-corrected background population of Hildas. The gray zone is the σ
interval of the solution. The horizontal dashed line at 0.34 slope is the value
found by I. Wong & M. E. Brown (2017) using the simple power-law fit.

Table 3
Statistically Significant Families in the Hilda Population Determined Using the

HCM and Our New Catalog of Synthetic Proper Elements

Number Designation vcutoff Nmem Note
(m s–1)

153 Hilda 90 1066 C-type
1212 Francettea 30 151 L
1345 Potomacå 140 506 dispersed
1911 Schubart 60 1882 C-type
2483 Guineverea 40 54 L
269345 2008 TG106åb 54 17 L

Notes. Newly identified families are denoted with å. The number and
designation correspond to the central body, vcutoff is the velocity cutoff used in
the HCM identification, Nmem is the number of associated members, and the
last column provides additional brief information (such as a taxonomic class of
the largest members).
a Identified by T. A. Vinogradova (2019, 2020).
b Very compact cluster near Schubart family.
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In the first simulation, we considered 6094 Hilda objects
identified in Section 2 and propagated their orbits forward in
time for 4 Gyr. We used the swift integrator and a similar
setup as in Section 2. All planets were included as massive
perturbers, with initial data from the JPL ephemerides DE420.
A short time step of 3 days was used. Hildas were eliminated
from the simulation when their heliocentric distance was

smaller than 1 au or greater than 10 au, or when they hit Jupiter
or Saturn. To speed up this computation, we also distributed the
simulation across 50 CPUs, each of which propagated ∼120
Hildas.
Figure 19 shows the situation at the end of the simulation,

namely the bodies projected onto the 2D planes of proper
parameters ( )a e I, , sinp p p as in Figure 6, but now with the long-

Figure 19. Top panels and bottom-left panel: The same as in Figure 6, but now the long-term unstable Hilda asteroids are highlighted by the red symbol. These objects
were eliminated from the population in a numerical simulation spanning 4 Gyr and accounting for gravitational perturbations from all planets. The currently observed
population of 6094 Hilda asteroids represented the initial data of the simulations. The eliminated Hildas were located near the border of the stability zone (see, in
particular, the bottom-left panel and compare with a similar results in Figure 6 of M. Brož & D. Vokrouhlický 2008). An excessive fraction of the Schubart family
members at high-eccentricity orbits would be eliminated, confirming its age younger than 4 Gyr (see M. Brož & D. Vokrouhlický 2008). Bottom-right panel: (ap, ep)
projection of the known Hilda population as in the bottom-left panel, but now the color-coded asteroids are those, which were eliminated in the simulation lasting 4
Gyr, which included the effect of the thermal accelerations. In this case, all bodies were given ;4 km size and maximum estimated value of the thermal accelerations:
(i) red symbols had positive along track acceleration, and (ii) blue symbols had negative along track acceleration. The usual secular drift in semimajor axis transfers to
a drift in eccentricity due to the resonance lock (e.g., M. Brož & D. Vokrouhlický 2008); the sense of the drift is indicated by the arrows.

19

The Astronomical Journal, 169:242 (31pp), 2025 May Vokrouhlický et al.



term unstable orbits (eliminated during the simulation) high-
lighted by red symbols. Clearly, the red unstable objects are not
randomly distributed. Instead, they are concentrated toward the
border of the populated region in the (ap, ep) projection and
somewhat less in the ( )e I, sinp p projection. This confirms that
the dynamically stable zone of the J3/2 resonance is fully
filled. Of particular interest is the large-ap and large-ep end of
the prominent Schubart family, which has been significantly
depleted over 4 Gyr. The existing population of this family on
such orbits points toward its younger age (see M. Brož &
D. Vokrouhlický 2008, who argued this family is 1.7 ± 0.7 Gyr
old based on a similar simulation).

Another issue clarified by the results shown in Figure 19
relates to the data in Figure 4, where we have shown that the
orbits of the largest Hilda objects (H� 12, say) only reach
moderate eccentricity values. Although less evident, this
remains true when the osculating eccentricity at the abscissa of
Figure 4 is replaced with the proper parameter ep. If we assume
that the orbits of the brightest Hildas survived >4 Gyr, such
that they are essentially primordial (e.g., M. Brož et al. 2011),
they must be located in the long-term stable portion of the J3/2
resonance. In fact, we verified that these large Hilda objects are
located in the zone truncated by the red-flagged orbits in
Figure 19. That zone is filled in a uniform fashion, as expected
with their origin by capture.

Next, we repeated the long-term integration simulation of the
6094 Hildas using an idealized model in which, in addition to
gravitational perturbations from the planets, we also accounted
for Yarkovsky thermal accelerations (i.e., the Yarkovsky effect,
D. Vokrouhlický et al. 2015). To see how the bodies react to a
maximum possible Yarkovsky drift, we assign the propagated
Hildas drift rates of da/dt = ±5.4 × 10−5 au My−1. We also
used the simplified model presented by D. Farnocchia et al.
(2013). Given the characteristic scaling of the Yarkovsky effect
with size D, heliocentric semimajor axis a, and bulk density,
namely da/dt ∝ 1/(Da2ρ), this corresponds to about D ; 4 km
Hildas or H ; 16 for pV = 0.055.

The possibility of positive and negative signs in da/dt means
that we had to perform two simulations, one for objects that would
drift outward and the other for those that would drift inward. As
discussed in the Appendix of M. Brož& D. Vokrouhlický (2008),
the resonant lock of the semimajor axis transfers the drift to the
proper eccentricity such that: (i) orbits that are subject to the
positive Yarkovsky drift da/dt secularly increase their ep value
and (ii) vice versa (see Figure 19).

We speculate that smaller Hildas, subject to larger thermal
accelerations, are pushed to higher eccentricity orbits, thereby
explaining the trend seen in Figure 4. This would work in
conjunction with the YORP effect, which helps to explain why
lost objects are found at the most extreme distances within the
Schubart family (Figure 27).

Figure 20 shows the number of Hildas remaining in each of
our three long-term simulations as a function of time. In the
base run, where only gravitational perturbations have been
taken into account, the population is depleted by ;23% after
4 Gyr. This value is comparable to the depletion of Jupiter
Trojan clouds studied by T. R. Holt et al. (2020).

In contrast, the depletion in the simulations containing
thermal accelerations is considerably larger. In both runs,
setting da/dt positive or negative leads to the loss of >50% of
the objects on 4 Gyr. Obviously, larger Hildas would get
depleted to a lesser degree, such that the decay curve would

eventually approach that of the simulation containing just the
gravitational perturbations.
Overall, the strong depletion of smaller Hildas should help

make the primordial size/magnitude distribution shallower
with time. Although promising, this effect would need to be
included in a model of collisional evolution to see if it can
explain the slope differences between the Hildas and Jupiter
Trojans (note that the Yarkovsky effect produces significant
depletion of Jupiter Trojan clouds only on much smaller sizes;
e.g., S. Hellmich et al. 2019).

6.3. Implications

While both the present study and that of D. Vokrouhlický
et al. (2024) focus on describing the existing populations of
Hildas and Jupiter Trojans, their results pose interesting science
questions that need to be followed up in future studies. The
puzzles arise from a mutual comparison of the L4- and L5-
swarm Trojan populations discussed in D. Vokrouhlický et al.
(2024). Here we highlight the Hilda to Trojan differences.
We consider the paradigm in which the initial populations of

Hildas and Trojans were captured in their respective resonances
during the giant planet instability period (e.g., H. F. Levison
et al. 2009; D. Vokrouhlický et al. 2016; D. Nesvorný 2018).
These models suggest that the initial captured populations had
comparable sizes. Several aspects of the currently observed
populations support this point of view. For example, the
numbers of the largest Hildas and Trojans are similar to each
other, and their populations fill the entire dynamically stable
region at their resonance locations. The physical characteristics
of the bodies of the two populations are also similar to each
other.
The main disagreement between the two populations today

consists of different magnitude (and size) distributions for
objects dimmer (smaller) than H ; 10. While Jupiter Trojans

Figure 20. Depletion of the observed Hilda population with time (6094 initial
bodies identified in Section 2 initially, horizontal dashed line). Solid lines show
results from three simulations: (i) only gravitational perturbations from planets
(black line), (ii) thermal accelerations as if all bodies had H ; 16 and an
estimated maximum outward drift (red line), and (iii) thermal accelerations as if
all bodies had H ; 16 and an estimated maximum inward drift (blue line). The
runs with the thermal accelerations thus correspond to bodies with sizes
modestly smaller than 4 km for pV ; 0.055 (e.g., T. Grav et al. 2012) and
assume the objects have bulk densities of 1.5 g cm−3.
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have a mean magnitude slope γ ; 0.44 in the 10–15 mag range,
Hildas have γ ; 0.34 in the overlapping 11–17 mag range.

Here we have identified the dynamical leakage of small
Hildas due to the Yarkovsky effect as a culprit to explain this
difference. However, we suspect that a significant role could
also be played by differences in collisional evolution between
the two populations over the past 4−4.5 Gyr (see already
H. F. Levison et al. 2009). W. F. Bottke et al. (2023) recently
developed a detailed model of a collisional model for Jupiter
Trojans as part of a larger study whose other focus was on a
collisional evolution of the scattering disk population. This
allowed them to explain the size–frequency distribution of the
currently observed Trojan population. Their work did not
consider the Hilda population, so this task remains an
interesting avenue for future work. In this case, however, the
collisional evolution needs to be coupled with a dynamical
depletion.

Finally, while continuous operations of CSS will provide
valuable data for Jupiter Trojans and Hildas modeling (profit-
ing from a long temporal extension of a well-characterized
source), our approach is readily applicable to other future
surveys. In this respect, we may mention the Vera C. Rubin
observatory that promises to further revolutionize understand-
ing of the inventory of solar system small-body populations
(e.g., M. E. Schwamb et al. 2023).

Acknowledgments

The Catalina Sky Survey is funded by NASA’s Near-Earth
Object Observations (NEOO) Program under grant
80NSSC24K1187. The simulations were performed on the
NASA Pleiades Supercomputer. The authors thank the NASA
NAS computing division for continued support and the referee
for providing valuable comments on the submitted manuscript.
The work of D.V. and M.B. was supported by the Czech
Science Foundation (grant 25-16507S). D.N.’s work was
supported by NASA’s Solar System Workings program. W.
B.’s work in this paper was supported by NASA’s SSERVI
Program through cooperative agreement 80NSSC23M0176
and NASA’s Lucy mission through contract NNM16AA08C.

Appendix A
A Brief Review of Hilda Population

Dynamics, population, and its orbital architecture. Studies
of Hilda-type motion, only somewhat later expanded to the
Hilda population, have a long history. Soon after Johann Palisa
discovered the asteroid (153) Hilda in 1875 November
(J. Palisa 1875), Franz Kühnert collected the available single-
opposition observations to determine its orbit (F. Kühnert
1876). His interest in this object was piqued because it seemed
to approach within ;0.6 au of Jupiter, the closest distance of
all known asteroids to date. Even though his orbital description
did not take into account this object’s resonant-protection
mechanism (and its actual closest approaches to Jupiter only
occur at ;1.9 au), the dynamics of Hilda-type objects
remained in the mind of many astronomers. It was hoped that
the strong perturbing effects of Jupiter on these worlds could
help improve what was known about Jupiter’s mass (e.g.,
K. Laves 1904).

From there, much of the first half of the 20th century was
characterized by contradictory opinions about the nature of the
few known asteroids having orbits similar to (153) Hilda. The

theorists disputed whether the Hildas librate about the strictly
periodic resonant J3/2 state or whether they are ultimately
unstable, such that they only temporarily visit Jupiter’s vicinity.
An encyclopedic overview of these efforts can be found in
Y. Hagihara (1972).
As often occurs in science, progress in our understanding of

the Hilda population resulted from a synergy of research in the
mid 1960s: (i) the number of known asteroids clustered about
the J3/2 commensurability with Jupiter increased to 17,
constituting the core of an actual population, and (ii) electronic
computers allowed numerical techniques to overcome existing
problems characterized by poor convergence of traditional
series representation of the perturbing function, and even
principal nonconvergence for orbits formally swapping helio-
centric distance with Jupiter (for both, see, J. Schubart 1964).
Just as important, Joachim Schubart focused his attention on
Hildas and wrote a series of papers that defined our early
knowledge of Hilda-type dynamics and population character-
istics (see J. Schubart 1964, 1968, 1982a, 1982b, 1991, to
mention just the most important ones).
As computing power increased in the 1980s and 1990s, it

became possible to attempt more ambitious studies of Hilda
dynamics. These new works took advantage of novel analytical
methods, such as symplectic maps, to produce more accurate
descriptions of planetary dynamics. Several stability studies of
the phase space associated with Jupiter’s mean-motion
resonances can be found in, e.g., C. D. Murray (1986),
J. Wisdom (1987), T. A. Michtchenko & S. Ferraz-Mello
(1995, 1996), and D. Nesvorný & S. Ferraz-Mello (1997).
The phase space of the J3/2 resonance was found to harbor a

large, long-term stable region bounded by several secular
resonances that triggered borderline chaos and instability (e.g.,
A. Morbidelli & M. Moons 1993). Unlike the J2/1 resonance,
it was shown that the Hilda region had the ability to hold a
significant population of asteroids. However, the question of
whether nature actually filled the Hilda region with objects was
left to observers.
New discoveries slowly increased the Hilda population, but

as of 1997, it still contained only 79 members, all deep inside
the stable region of the Hilda phase space (D. Nesvorný &
S. Ferraz-Mello 1997). The game changer came from powerful
all-sky near-Earth object (NEO) surveys that became opera-
tional at the beginning of the 2000s. While finding NEOs, the
surveys also contributed immensely to our knowledge of
numerous small-body populations across the solar system. As
an example, T. Grav et al. (2012) were able to determine the
size–frequency distribution and albedos for more than 1000
Hilda objects. The present-day number of known Hildas has
increased to more than 6000 bodies.
M. Brož & D. Vokrouhlický (2008) used numerical methods

borrowed from the Trojan (A. Milani 1993) and Hecuba
(F. Roig et al. 2002) populations to determine the synthetic
proper elements for Hilda objects that were more accurate than
the traditional proper parameters introduced by J. Schubart
(1982a, 1982b, 1991). Their sample contained 1197 resonant
objects, enough to provide two novel findings: (i) they showed
that the Hilda population fills the stable zone of phase space up
to large eccentricity and inclination values, and (ii) the proper
element distribution revealed evidence for two major colli-
sional families (a strongly concentrated cluster about (1911)
Schubart and a more diffuse cluster about (153) Hilda itself; see
also M. Brož et al. 2011). For the former, a possible clustering
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of orbits about asteroid (1911) Schubart had been previously
suggested by J. Schubart (1982a, 1991), but definitive evidence
only came from modern data sets, with the cluster containing
more than 1000 bodies. The substantial fraction of Hilda
objects in the two families was further confirmed by
T. A. Vinogradova (2015), despite using somewhat less
accurate proper orbital parameters (basically returning to the
old concepts set by J. Schubart 1982a, 1982b, 1991), and
confirmed by A. Milani et al. (2017).

T. A. Vinogradova (2020) used the increase in population
count to reveal further smaller clusters in the Hilda population.
Although her investigation used somewhat less accurate orbital
parameters and only considered a 2D proper parameter space of
eccentricity and inclination, our new work below has confirmed
their results. We have even identified two additional families.
All of this underlines our primary takeaway message, namely
that collisional clusters play a prominent role in the Hilda
population (see more details in Section 6).

Physical studies of Hilda population. The rapidly increasing
population of Hilda objects prompted studies of their physical
parameters, with comparisons made to their neighboring
resonant population of Jupiter Trojans. The initial effort to
accumulate physical data on the Hilda population was carried
out by the Uppsala group of Mats Dahlgren. M. Dahlgren &
C. I. Lagerkvist (1995) and M. Dahlgren et al. (1997)
conducted the first systematic visible spectroscopic surveys of
the Hildas. They found that most bodies had D- or P-type
taxonomies, with a slight majority for the D-types. A very
small component of objects with flat spectra was also found to
be compatible with C-type taxonomy.

Further taxonomic information has been collected by
R. Gil-Hutton & A. Brunini (2008), I. Wong & M. E. Brown
(2017), and I. Wong et al. (2017). I. Wong & M. E. Brown
(2017) used the Sloan Digital Sky Survey broadband photo-
metric observations to infer two color indexes defined in
F. Roig et al. (2008). They again found a bimodality in the
population, sorting them into two broad less-red and red groups
(i.e., the C-/P-type taxonomies and the D-type taxonomy).
Intriguingly, the Schubart and Hilda collisional families were
dominated by less-red objects. I. Wong et al. (2017) used the
IRTF/SpeX spectrograph to extend the known spectral
information to the near-infrared band for 25 large Hildas.
They showed featureless spectra that (i) confirmed a less-red
versus red bimodality, and (ii) indicated a close similarity to the
Jupiter Trojans data.

The absolute magnitude H-distribution of Hilda population
was also tracked by I. Wong & M. E. Brown (2017). Aware of
the collisional families in the population (whose identification
was downloaded from the Planetary Data System system as of
2015), they analyzed the families and the background
populations separately from one another. Given that they did
not have a procedure to correct for observational biases, they
conservatively restricted their study to bright Hildas with
H� 14. This range of H values, when plotted as a differential
absolute magnitude distribution, was compared to a power law
∝10γH with a single, solved-for exponent γ. The exponents of
the two families were 0.401 0.03

0.04g = -
+ for the Hilda family and

0.432 0.03
0.07g = -

+ for the Schubart family.11 These values were
found to be steeper than the exponent of the background

population of 0.34 0.01
0.02g = -

+ . More importantly though, the
magnitude distribution of the Hilda population was found to be
considerably shallower than the magnitude distribution of
Jupiter Trojans in the same range (γ = 0.46 ± 0.01; see
I. Wong et al. 2014; D. Vokrouhlický et al. 2024).
Additionally, the Trojan less-red population was found to have
a steeper magnitude distribution than the red population.
Interestingly, no such difference was found for the different
color subpopulations of Hildas.
As for the fainter end of the Hilda magnitude distribution,

T. Terai & F. Yoshida (2018) analyzed single-night observa-
tions taken by the Hyper SuprimeCam instrument mounted on
the 8.2 m Subaru Telescope. They identified 130 moving
objects having orbits roughly compatible with Hildas, but 5%
were deemed to be outer main-belt interlopers. The final sample
they analyzed had 91 objects. Assuming that the objects have
;0.05 albedo values, their sizes would range from 1 to
∼14 km. Fitting a single power law to the differential absolute
magnitude distribution, these authors inferred γ = 0.38 ± 0.02.
Given the uncertainty about real membership of all of these
objects to the Hilda population and that the background and
families’ data were not separated, the result is reasonably close
to the bright end slope. Curiously, it is also close to what was
found for faint Jupiter Trojans in this size range (see also
analysis in F. Yoshida et al. 2019).
Finally, T. Grav et al. (2012) used the noncryogenic phase of

the WISE mission to characterize the albedo and size properties
of 1023 Hildas. They found a mean albedo of pV = 0.055 ±
0.018, with only a slight variation with size and family
membership. While not performing a full-fledged debiasing
effort, they suggested that a single power law fits the
observations down to about 5 km diameter objects, with the
slope of the cumulative distribution being −1.7 ± 0.3. Data
from the two shortest-wavelength WISE bands was used to
define the taxonomic class of the bodies, with a split between
D-type objects (about 2/3) and C- and P-type objects (about
1/3, in which the flatter spectra suggested that the C-type
taxonomy only represented a minor component).
The first dedicated survey of light-curve observations of

Hildas was completed by M. Dahlgren et al. (1999), who
obtained data for 47 objects. When compared to the main-belt
asteroids, these authors noted (i) a markedly non-Maxwellian
distribution of the rotation periods (with a significant tail to
slow rotators) and (ii) systematically larger mean light-curve
amplitudes. These findings were recently confirmed and
strengthened by G. M. Szabó et al. (2020), who used
photometric data of the K2 extension of the Kepler mission
to determine the rotation parameters of 125 Hilda members.
The latter survey also found (i) a lack of fast rotators combined
with a substantial fraction of slow rotators (P > 100 hr periods
made up ∼18% of the population), (ii) no difference between
the light-curve parameters of the less-red and red objects, and
(iii) a number of double-period light curves that they
interpreted as binaries; if so, Hildas hold a large fraction of
binary systems. In summary, they concluded that the rotation
parameters of Hildas are similar to Jupiter Trojans.
Interesting data from a sample of 17 small (D < 3 km)

Hildas were obtained by C.-K. Chang et al. (2022). They
discovered several fast rotators in this category that were close
to the spin barrier at ;3 hr (i.e., the spin period where
gravitational aggregates would begin to shed mass by
centrifugal forces). They suggested that this may be evidence

11 In Section 5 we find even steeper exponents, confirming an earlier result of
M. Brož & D. Vokrouhlický (2008).
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of a larger proportion of C-type asteroids among smaller
Hildas.

Finally, J. Ďurech & J. Hanuš (2023) analyzed the sparse
photometric data from the Gaia DR3 catalog to determine the spin
state of 61 Hilda asteroids (see their Figure 4). The affinity of
asteroid obliquity values toward the 0o and 180o values is a
characteristic fingerprint of the thermal YORP torques commonly
seen in the main-belt population. This observation suggests thermal
accelerations (known as the Yarkovsky effect; e.g., M. Brož &
D. Vokrouhlický 2008; D. Vokrouhlický et al. 2015) should affect
the orbital architecture of small Hildas (see Section 6).

Taken together, the observations of physical parameters
available to-date reveal a large degree of similarity between the
Hilda and Jupiter Trojan populations. A notable exception is
the significantly shallower magnitude distribution of Hildas
(see also Section 6).

Origin of Hilda population. Studies of small-body popula-
tions have provided compelling evidence that the orbits of giant
planets reconfigured themselves sometime within the first
100Myr after their formation (e.g., D. Nesvorný 2018). This
so-called “giant planet instability” influenced the Hilda
population in two ways: (i) any putative population of Hildas
that existed prior to the instability was destabilized by that
event (e.g., M. Brož et al. 2011; F. Roig & D. Nesvorný 2015),
and (ii) a new Hilda population was captured within the stable
zone within the J3/2 resonance (e.g., H. F. Levison et al. 2009;
D. Vokrouhlický et al. 2016). The captured objects originated
from a massive trans-Neptunian planetesimal disk, or primor-
dial Kuiper Belt, that was dispersed by an outward migrating
Neptune (a minor, perhaps few percent level, contribution
could have also originated in the outer main-belt region; e.g.,
F. Roig & D. Nesvorný 2015). The broad distribution of
eccentricities and inclinations, delimited only by the stability
zone of the resonance, is a natural component of this capture
scenario and in fact provides a strong supporting argument in
its favor. Interestingly, D. Vokrouhlický et al. (2016) found
approximately the same capture probability for Jupiter Trojans
and Hildas, implying that their populations should be
comparable both in number and in physical parameters. The
available observations, briefly reviewed above, mostly match
this prediction. The primary observation that differs comes
from the shallower magnitude distribution of the Hildas for
H� 17 objects.

For the sake of completeness, we also mention a few origin
scenarios for Hildas that avoid the giant planetary instability.
For example, Hildas might have been captured if Jupiter
experienced substantial inward migration within a gas disk,
with the planetesimals scooped up by the J3/2 resonance. This
possibility was investigated by F. A. Franklin et al. (2004) and
S. Pirani et al. (2019). The former concluded that the
eccentricity and libration angle distributions of the Hilda and
Thule populations, and the large disparity in population
between the J3/2 and J4/3 resonances, respectively, require
Jupiter’s slow migration by at least 0.45 au. However, these
authors did not investigate how their models would explain the
most challenging constraint, namely the dispersed inclination
distribution of the Hildas.

Appendix B
Proper Orbital Parameters for Hilda-type Orbits

Here we summarize the variables, the proper orbital
parameters p in the terminology of this paper, used in the

main text to describe the orbital architecture of the Hilda
population. The main difficulty in choice of p consists of
conflicting requirements: ideally, we need some sort of
heliocentric elements that are (i) long-term stable to provide
accurate information about structure of Hilda population, and
(ii) at the same time having the simplest possible correspon-
dence to the osculating orbital elements e. The latter facilitates
mapping the synthetic population of Hilda asteroids to the
pipeline of detection probability evaluation. Furthermore, we
aim to keep the dimensionality of p as low as possible, certainly
lower than that of e (which is dim(e) = 6). In accordance with
various systems of proper elements for nonresonant and
resonant asteroid populations, dim(p) = 3 seems optimum.
Furthermore, ( )p a e I, , sinp p p= with a semimajor axis para-
meter ap, eccentricity parameter ep, and sine of inclination
parameter Isin p would make these parameters easily under-
standable. In accordance with the discussion in Section 2, we
extend this set of proper parameters by a proper value of the
longitude of perihelion ϖp. Although of different flavor, this
parameter is required to accurately describe the detection
probability for orbits reaching high osculating eccentricity. Our
final proper parameter space is therefore 4D, dim(p) = 4, and is
made up of ( )p a e I, , sin ,p p p pv= vectors.
The analytical methods to describe fine details of motion in

the first-order mean-motion resonances with Jupiter have been
found to be notoriously difficult. Therefore, we pay a sacrifice
from both sides, accuracy in (i) and simplicity in (ii). Our final
orbital element toolkit is approximated in a number of respects.
While we encourage readers to develop more involved methods
in future work, we find our approach justified enough to
provide reasonable results.
In the next section, we briefly recall the Hamiltonian

approach, and related conjugated variables, suitable for
description of asteroids in the 3/2 mean-motion resonance
with Jupiter. Equipped with this knowledge, we then address
the two fundamental matters of their use:

e → p mapping: needed to represent the observed Hilda
population in the p-space (Appendix B.2),
and

p → e mapping: needed to transform a sample of synthetic
orbits of Hilda population to their helio-
centric osculating counterpart, in order to
assign detection probability to various cells
in the p-space using the CSS detection
pipeline (Appendix B.3).

B.1. Canonical Variables and Averaging over the Fastest
Variable

The use of canonical variables for the description of asteroid
motion in first-order mean-motion resonances with Jupiter has
a long tradition (see already J. Schubart 1964, and references
therein), which has reached a masterful level especially in the
literature of the 1980s to 1990s on the topic. We thus adopt the
Hamiltonian formalism as the backbone of our approach.
Although Delaunay variables (L, G, H; ℓ, g, h) are traditionally
the starting choice of the orbital elements (e.g., C. D. Murray &
S. F. Dermott 1999), it is also useful to recall their
correspondence to the widespread Keplerian elements: semi-
major axis a using ( )L a1 m= - , eccentricity e using

G L e1 2= - , inclination I using H G Icos= , longitude of
node using Ω = h, longitude of perihelion using ϖ = g + h,
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and longitude in orbit λ using λ = ϖ + ℓ. These variables, or
their combination, are going to represent the e-parameters
introduced above. The choice of units assumes Jupiter’s
semimajor axis and heliocentric mean motion equal to 1, the
mass of the Sun 1 − μ, and the mass of Jupiter equal to μ, and
the gravitational constant unity. Description of asteroid
dynamics in the 3/2 mean-motion resonance with Jupiter
further requires the following angles: (i) 3 2s l l v= - -¢ ,
the principal resonant angle, (ii) 3 2n l l v= - + +¢ ¢, and
(iii) 3 2zs l l= - - W¢ , nonresonant but slowly changing
angles. Jupiter’s heliocentric orbital elements are denoted by a
prime. The model developed in this appendix assumes a
framework of a restricted elliptic problem (the Sun and Jupiter
massive primaries, and the asteroid a massless particle).
Therefore, the orbital elements of Jupiter are constant,
obviously except for the mean longitude in orbit l¢ (equal to
time in our system of units, as both a 1=¢ and the mean
motion n 1=¢ ).

The Hamiltonian  describing heliocentric motion of the
asteroid reads (e.g., A. Lemaitre & J. Henrard 1988; A. Morb-
idelli & M. Moons 1993)

( ) ( )L
L

1

2
, B1

2

2
 

m
= -

-
-¢

where

∣ ∣
· ( )

r r
r r
r

1
B2

3
 m=

- ¢
-

¢
¢

⎜ ⎟
⎛
⎝

⎞
⎠

is the Jupiter perturbation, r and r ¢ are the respective
heliocentric position vectors of the asteroid and Jupiter (both
of which should be evaluated using Delaunay elements).
Traditional methods of analytical celestial mechanics proceed
by developing  in either powers of eccentricities and
inclinations (Kaula-type approach), or powers of ratio between
asteroid and planet semimajor axes (Laplace-type approach).
However, the early studies of these classical approaches have
been found to be inadequate for Hilda-type motion for two
reasons (e.g., K. Laves 1904; K. Hirayama & K. Akiyama
1937; C. D. Murray 1986; S. Ferraz-Mello 1988; A. Morbidelli
& M. Moons 1993): (i) both eccentricity and inclinations of
Hilda asteroids may be quite large, and (ii) the orbits reach a
heliocentric distance r that is temporarily larger than that of
Jupiter r ¢. In this situation, if precision is desired,  must be
evaluated numerically.

The specifics of the motion in the 3/2 mean-motion
resonance motivate us to introduce a new set of canonical
variables (Z, N, Sz; z, ν, σz). The two angles ν and σz were
already given above, while their conjugated momenta are

( ) ( ) ( )N L H b L G
b3

2
2 cos

2
, B3

2
v v= - - - - +¢

( )S G H. B4z = -

The remaining two variables Z and z were defined using a
powerful reducing transformation (e.g., J. Henrard et al. 1986;
J. Wisdom 1986; W. Sessin & L. B. R. Bressane 1988)

( ) ( )Z z L G b2 cos 2 cos cos , B5s n= - -

( ) ( )Z z L G b2 sin 2 sin sin B6s n= - +

(see also A. Lemaitre & J. Henrard 1988, who considered a
planar variant of the Hilda-type motion). Here, b is an arbitrary
constant. When b = 0, Z = L − G and z = σ, otherwise z
constitutes a new resonant angle with better behavior than σ for
the elliptic orbit of Jupiter. For that reason, b eµ ¢, with the
exact relation being discussed below.
Next, we consider a canonical transformation to a final set of

variables (Φ, Ψ, Ψz; f, ψ, ψz) defined by

( )

N Z S z
N z
S z

, ,
, ,
, . B7

z

z z z z

f
y n

Y y s

F = - - = -
Y = = +

= = -

A notable simplicity, originating in properties of the reducing
transformation, is the relation of the momentum Φ to the orbital
semimajor axis a, namely ( )a11

2
mF = - . Furthermore,

( )N L H eb b,3

2
2- + . Observing further that the orbital

inclination I values for Hilda-type orbits are not too large and
( )/H G Isin 22+ , the inclination and node dynamics are

to a large degree decoupled from the other elements. In
particular, the conjugated pair of variables (Φ, f) describe the
fundamental resonant dynamics, and the conjugated pair of
variables (Ψ, ψ) make it coupled to the dynamics of the
eccentricity and longitude of perihelion.
So far, we focused on orbital variables of the Hilda-type

asteroid, but the Hamiltonian  in Equation (B1) depends also
on parameters describing Jupiter’s motion. In our approx-
imation of the restricted elliptic problem, ( ), lL¢ ¢ constitute the
active conjugated pair of Jupiter-related variables with

L L3

2
L = +¢ ¢ . Further reduction of degrees of freedom of the
problem follows from observation of hierarchy among the
timescales on which the coordinates change. Jupiter’s mean
longitude in orbit l¢ is the fastest of all, followed by f whose
characteristic timescale is at least an order of magnitude longer
than Jupiter’s orbital period. As the short-term orbital effects
are not relevant for our application, we average the Hamilto-
nian over l¢. Since the longitude in orbit λ of the asteroid is
resonantly coupled to l¢, the averaging involves both angles,
preserving though the slower variables such as f (or related σ
and ν from Equations (B5) and (B6)). The average value of the
perturbing potential  is evaluated numerically (we use a
simple Romberg method with tightly controlled accuracy; see,
e.g., W. H. Press et al. 2007) using

¯ ( ) ( )dℓ ℓ ℓ
1

6
, , B8

0

6
 òp

=
p

¢

with ( ) ( )ℓ ℓ ℓ2

3
s n= - -¢ (e.g., M. Moons 1994; but see also

J. Schubart 1964). Dropping the constant L¢, the average
Hamiltonian then reads

¯ ¯ ( ) ¯ ( )3
1

8
. B90

2

2
   

m
F

= - = - F -
-

-

Since  depends on all variables listed in Equation (B7), the
problem still represents a task with 3 degrees of freedom (therefore,
the C = integrals of motion are rather complex hyper-surfaces
in a 6D space). Nevertheless, the unperturbed part 0 depends
only on Φ, which at least allows us to define a zero-order
resonance location Φå from Hamilton’s equation / 00¶ ¶F = ,
with a straightforward solution [( ) ]/ /1 122 1 3

 mF = - .
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Alternately, we may also use the Φ = Φ(a) correspondence to
express the approximate location of the resonance using

( ) ( )/ / / a 2 3 1 0.76292 3 1 3
 m= - (in units of Jupiter’s semi-

major axis a 1=¢ ; e.g., C. D. Murray 1986). Near Φå, in particular
within the d mF µ vicinity, the resonant angle f changes
slowly, and the proper resonant regime is distinguished by libration
of f about the stable stationary point at f = 0 for reasonably small
values of orbital eccentricity (e.g., A. Morbidelli &
M. Moons 1993).

B.2. Osculating Orbits to Proper Parameters: e to p

In order to achieve further progress, at least in an
approximate way, we continue to follow the timescale
hierarchy. The period of f (typically 250–350 yr) is now the
shortest, followed by the intermediate period of ψ, and the
longest period of ψz. As a rule of thumb, there is always about
an order of magnitude separating each of the consecutive
timescales. Since the core of resonant dynamics consists in
(Φ, f) variable, we now take the opposite standpoint to the
procedure of averaging over l¢. Namely, we consider
(Ψ, Ψz; ψ, ψz) approximately constant over libration timescale
of f. Freezing two degrees of freedom, ( ),  f= F is
integrable, though not in analytical terms. However, C =
first integral allows us to numerically map arbitrary initial
conditions to a reference point on the C-isoline, which will be
taken as a first proper-parameter. In particular, we consider the
crossing of C = with f = 0 at maximum Φ = Φp value.
Because of direct correspondence between Φ and the
semimajor axis, we find it more instructive to interpret Φp in
terms of proper semimajor axis

( ) ( )/a 4 1 . B10p p
2F m= -

Next, we turn to Equations (B5) and (B6), which we express at
the reference point z = f = 0 and Φp. We set b e2  k= F ¢

(introducing thus a new arbitrary, but constant factor κ instead
of b), ( )/e zp p = Y - F - Y F and 3 2pv l l- = - +¢ ,
rewriting thus Equations (B5) and (B6) to a more familiar
form dependent on the heliocentric orbital elements

( ) ( ) ( ) ( )

( )

e e2 1 exp ı exp ı exp ı

B11

p
p p



h v k v v
F

F
- = +¢ ¢

( e1 2h = - ). For small-eccentricity orbits, we may further
approximate ( )  e2 1 h- , and with /  1p F F , we
obtain

( ) ( ) ( ) ( )e e eexp ı exp ı exp ı . B12p pv k v v= +¢ ¢

This relation, suggested already by J. Schubart (1968) who
analyzed results of short-term numerical simulations of few Hilda-
type orbits known at that time (see also J. Schubart 1982a, 1991),
resembles secular dynamics of nonresonant asteroids in the main
belt. The two terms on the right-hand side represent (i) the forced
eccentricity term due to Jupiter perturbation, and (ii) the free
(proper) eccentricity term. Since the forced eccentricity ef is not
equal to Jupiter’s osculating eccentricity e¢ at the current epoch,
we need to consider the factor κ such that e ef k= ¢; κmay either
be estimated using analytical or semianalytical methods (e.g.,
S. Ferraz-Mello 1988; W. Sessin & L. B. R. Bressane 1988), or

could be determined purely numerically (e.g., J. Schubart
1968, 1982a, 1991). For sake of simplicity, we took the second
approach and estimated κ numerically, by performing Fourier
analysis of the Cartesian folding of the eccentricity and perihelion
using ( )e exp ıv on the left-hand side of Equation (B12) for 6094
orbits of the observed population of Hildas (Section 2). To that
end, we performed a 1Myr lasting propagation using the swift
package. We used 5 yr sampling and discrete Fourier transform
algorithm by S. Ferraz-Mello (1981). We identified terms with
planetary frequencies, dominated by g5 and g6, and the proper
frequency g (not only is g at least an order of magnitude larger,
but it is also negative, corresponding to the retrograde precession
of ϖp). The amplitude of the g terms provides an estimate of ep,
and the composite amplitude of the forced terms defines ef. Given
e 0.0483=¢ , we can easily determine the κ factor of each orbit in
the population. Their statistical distribution is shown in the left
panel of Figure 21 (red histogram). There is a rather large spread
in the individual κ values spanning an interval of values 1 to
∼2.5. We note that κ is correlated with the proper eccentricity
parameter ep (right panel on Figure 21), with smaller κ values
more typical for small ep orbits and vice versa. In our method,
however, we have to choose a single value of κ (or b;
Appendix B.1). We thus determine the median value  1.47k ,
and use it in Equations (B11) or (B12). While there is no
dynamical reason for ϖp to not be uniform (and, indeed, the
observed bright Hildas confirm this conclusion; left panel on
Figure 5), detection probability of faint Hildas depends on this
parameter. With that conclusion, we thus extended the set of
proper orbital parameters by ϖp. Both ep and ϖp are determined
from either of the Equations (B11) or (B12).
The orbital inclination I and longitude of node Ω of Hildas

are only weakly coupled to the J3/2 resonant dynamics. A
Cartesian-type combination of the inclination and node in

Isin exp ıW exhibits, with a good accuracy, decomposition to
the forced and free (proper) terms typical for main-belt asteroid
orbits (e.g., J. Schubart 1982a, 1982b). J. Schubart (1982b)
showed that the largest resonance-coupling terms at approxi-
mately 2g frequency have amplitude of only ;0.1−0.15,
which is less than the width of bins of proper inclination we use
(see Table 1 and Figure 23) and may be thus safely neglected.
Similarly to the eccentricity case (Equation (B12)), we may
thus represent (see also T. A. Vinogradova 2015)

( ) ( ) ( ) ( )I I Isin exp ı sin exp ı sin exp ı . B13p pkW = W + W¢ ¢ ¢

The principal forced effect, approximated here by the first
term, has the s6 frequency. The typical range of proper
frequency values s of the second term in Equation (B13) is two
to five times higher than for s6. Therefore, the characteristic
periods of the forced and proper inclination terms are less
separated than in the eccentricity case. However, the amplitude
of the forced term I Isin sin 0.008 0.01f k= -¢ ¢ is quite
small (corresponding to If ; 0.5). Except for the tail of very
low-Ip orbits, that are not very populated, the right-hand side of
Equation (B13) is nearly always dominated by the proper term.
Finally, we used the numerical propagation mentioned above of
the known Hilda population to determine individual k¢ values
for each orbit. The left panel of Figure 21 (blue histogram)
shows that the distributions of the factors κ and k¢ are similar
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(though not identical). However, their median values are close
enough to each other, such that we use Equation (B13) with

1.47k k= =¢ ¢ to determine the proper inclination parameter
Isin p for the observed population of Hildas.
Exemplary case: (1911) Schubart. In order to illustrate the e

to p transformation, namely mapping the observed Hilda
population to the space of proper parameters, we consider the
case of (1911) Schubart. The time evolution of various orbital
parameters is taken from the numerical simulation of the Hilda
population mentioned above.

Figure 22 shows the orbit of (1911) Schubart projected onto
a 2D plane of the resonant variables (Φ, f) (black curve). For
better comparison with the theory outlined above, we digitally
filtered terms having periods <20 yr, a procedure equivalent to
the averaging over λ1. The left ordinate is Φ, the right ordinate
maps its value to a. The isolines of constant average
Hamiltonian C = are shown in gray for selected values of
C. For the maximum allowed C, they degenerate to a single
point at f = 0o, namely the stationary solution (“exact
resonance”) shown by the red dot. The characteristic of
resonant dynamics is the libration of the orbital f about zero
within a limited interval of values. The exact trajectory of
(1911) Schubart follows very closely a specific C-isoline fixed
by the initial conditions shown by the green dot. These initial
conditions occur in a certain phase of the libration in f, but
following the C-isoline, they can be numerically mapped to the
point at f = 0o where Φ achieves a maximum. The
corresponding value a = ap, shown by the blue arrow,
determines the proper semimajor axis parameter. Repeating this
procedure for all known Hildas, we project them into the bins
ap specified in Table 1 and shown here schematically by the
dashed horizontal grid.

The left panel of Figure 23 shows the orbit of (1911)
Schubart projected onto a Cartesian-type space defined by the
orbital eccentricity and perihelion, namely ( )e exp ı v . The
black curve shows 5 kyr long time interval of the orbit
evolution with the present-day initial conditions shown by the
red dot. At the zero approximation, the orbit evolution over this
timescale is well represented by the “epicyclic law” in
Equation (B12) in which (i) the forced part is fixed and shown

by the black star (evolving in a prograde sense in the direction
of the inner arrow with a period of ;300 kyr of the g5
planetary frequency), and (ii) the free (proper) part evolves in a
retrograde sense with a proper period of Pp = 3059.8 yr. In
principle, the radius of this free-epicycle is the desired
eccentricity parameter. However, a more accurate
Equation (B11), or Equations (B5) and (B6), depend also on
the resonant Φ variable producing the smallest-amplitude
epicyclic wiggle with a period of Pf = 262.5 yr. While small,
this effect is significant compared to the width of the bins in the
proper eccentricity parameters shown by the dashed polar grid
about the forced center. For that reason, we specify ep as the

Figure 21. Left panel: statistical distribution of the eccentricity factor κ (Equation (B12), red) and the inclination factor k¢ (Equation (B13), blue) numerically
determined for 6094 orbits of the observed Hilda population. Their median values ;1.47 are close to each other and highlighted by the gray vertical line. Right panel:
correlation of the eccentricity factor κ (ordinate) and the proper eccentricity parameter ep (abscissa) numerically determined from the sample of 6094 observed Hildas.

Figure 22. Resonant variables Φ vs. f for (1911) Schubart. The gray contours
are isolines of constant Hamiltonian C = for different values of C. Critical
curves are highlighted in red: (i) the stable stationary center of the resonance at
f = 0 corresponds to a maximum value of C ; −1.965258, and (ii) the
separatrix of the resonant regime connects the unstable stationary centers at
f = ±180o and has C ; −1.966212. The black curve is a result of a numerical
integration of the real orbit of (1911) Schubart with perturbations from all
planets taken into account (the green dot specifies the initial conditions of the
simulation). The simulation span 5 kyr time interval. In order to eliminate a
slight blur by short-period perturbations, terms with periods smaller than 20 yr
have been digitally filtered out (equivalent to averaging the Hamiltonian over
λ1). Remaining behavior is a simple libration about the stationary point (red
dot) with a period of Pf = 262.5 yr. The grid in ap, schematically shown by the
dashed lines, corresponds to the bins used in our populations analysis (see
Table 1).
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distance from the forced center when Φ = Φp (Equation (B11)).
The analysis in Section 2 also indicated that large eccentricities
of Hildas require us to take into account the phase ϖp of the
proper term into account. The 30o bins in this parameter are
also shown by the excerpt of dashed polar grid.

Finally, the right panel of Figure 23 shows the orbit of
(1911) Schubart projected onto the Cartesian-type space
defined by the orbital inclination and node, namely

( )Isin exp ı W . Here, the black curve shows the numerically
propagated orbit over a longer interval of 30 kyr.
Equation (B13) again represents a very good zero-order
description of the evolution with now less separation between
the circulation of (i) the forced center (black star) with the
fundamental period of ;49,200 yr (s6 frequency), and (ii) the
proper term with the fundamental period of Pp = 20879.5 yr
(both precess in a retrograde sense, as indicated by the arrows).
For that reason, there is a notable shift in the forced center in
the Pp period. The exact trajectory also exhibits a very small-
amplitude term at the 2g frequency due to a very weak resonant
coupling (e.g., J. Schubart 1982b), but we neglect it in our
analysis since it is smaller than the characteristic width of the
proper inclination bin highlighted by the dashed polar circles
centered at the forced term (see also Table 1).

B.3. Proper Parameters to Osculating Orbits: p to e

We now turn to the inverse problem, namely assigning a
heliocentric orbit, with orbital elements e, to a chosen p-space
orbit. This task is required in Section 4.1 in the process of
determining the probability of detection to a specific bin in p.
Because the dimensionality of the p-space is lower than the e-
space (4 versus 6), the method also requires the addition of two
parameters.

Assume that we select a certain p-space bin. The bin size is
small enough to justify a uniform distribution of trial
(synthetic) orbits. Thus, we start with a vector of
( )a e I, , sin ,p p p pv values. The algorithm for obtaining the
heliocentric elements e is as follows:
Eccentricity e and longitude of perihelion ϖ: these two

elements are easily obtained by either of the Equations (B11)
or (B12);
Inclination I and longitude of node Ω: here, Equation (B13)

is used with Ωp drawn with uniform distribution from the
interval (0o, 360o);
Semimajor axis a and longitude in orbit λ: the proper

configuration of the orbit corresponds to the extremal
semimajor axis a = ap at which f = 0; however, there is a
plethora of other orbits along the same averaged Hamiltonian

C = curve that map to the same proper ap (see, e.g.,
Figure 22); we assume a uniform distribution of orbit
occurrence along the C-integral in polar angle measured from
the resonance stationary point and pick (Φ, f) for which

( ) C, fF = , keeping the previously mentioned parameters
constant; finally, the new set of orbital parameters, now with
new (Φ, f) is transformed to the semimajor axis a and
longitude in orbit λ values according to a = 4Φ2/(1 − μ) and
Equations (B5) and (B6); when solving λ from the condition

3 2 ps l l v= - -¢ one should not hastily adopt just
( )/3 2pl l v s= - -¢ , but allow also for an equally possible

solution ( )/3 2pl l v s p= - - +¢ .
Heliocentric orbital elements e are primarily given in the

invariable frame of the solar system throughout this paper.
However, the available software needed for detection prob-
ability computation requires one to know the orbit in the
ecliptic frame as well. For that reason, we specify the
transformation between these two systems, as used here, in
Appendix D.

Figure 23. The orbit of (1911) Schubart numerically propagated and projected onto the Cartesian-like eccentricity–perihelion plane of ( )e ıexp v (left panel) and
inclination-node plane of ( )I ısin exp W (right panel). The simulation spanned 5 kyr in the first case and 30 kyr in the second case and the output is shown by the black
line (the initial epoch J2000.0 of the propagation is shown by red dot). These results confirm decomposition onto the forced part (shown by the start symbol) and the
proper term (highlighted by the gray circle) from Equations (B12) and (B13). The proper eccentricity parameter ep and inclination parameter Isin p are the respective
radii of the gray circle and shown by blue vector. The arrow with the Pp label indicates the sense of time evolution driven mainly by proper precession frequency, g
and s, respectively. For (1911) Schubart, they read Pp = 3059.8 yr for eccentricity and Pp = 20879.5 yr for inclination.
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Appendix C
Synthetic Proper Elements

In this appendix, we determine synthetic proper elements for
the Hilda population using a fully numerical method described
in M. Brož & D. Vokrouhlický (2008; see also F. Roig et al.
2002, where the same approach was used for the Hecuba
population in the J2/1 resonance). These elements are more
accurate and stable than the proper parameters discussed in the
previous appendix section, but require more intense numerical
computation, and their relation to the osculating elements at a
given epoch is less straightforward. For those reasons, they are
not suitable for the main task of this paper, namely the principal
variables of the parametric space of the Hilda-population
model. However, their higher precision will allow us to identify
the collisional families more accurately than the proper
parameters. Since this effort was independent from the
remaining parts of the paper, there are few differences in the
sample statistics (not affecting our main goal though).
Most importantly, the baseline set of candidate osculating
orbits was downloaded from the AstOrb catalog in mid 2024
July, namely half a year later than the project started
(Section 2). We identified orbits for which the resonant angle

3 2s l l v= - -¢ either librates, or slowly circulates. These
were processed further by the method briefly outlined below.
The resulting catalog of proper elements for 6393 objects in the
Hilda population, as well as membership in the families, is
available at https://sirrah.troja.mff.cuni.cz/~mira/tmp/hildas/
and in our Zenodo repository.12

We used the well-tested software package swift
(H. F. Levison & M. J. Duncan 1994), specifically the MVS2
integrator (J. Laskar & P. Robutel 2001) that we extended by
tools specific to the proper element computation. Our
dynamical model included the gravity of the Sun and four
giant planets (Jupiter to Neptune). In order to preserve the
orbital and secular frequencies of the planets (due to missing
perturbations produced by terrestrial planets), we applied the
barycentric correction and rotation to the reference system
defined by the invariant plane.

In the first step, we applied a digital filter to suppress short-
period oscillations from the orbital elements, thereby con-
structing the mean orbital elements. In particular, the osculating
elements were sampled with 1 yr steps, and we applied the filter
A described in T. R. Quinn et al. (1991) with a decimation
factor 10. Therefore, the intermediate sampling of the mean
elements was 10 yr. We could not use much longer values,
since the shortest resonant oscillations that interest us have
periods of ;150 yr.

In the second step, we constructed resonant orbital elements
by observing the behavior of the critical angle

3 2s l l v= - -¢ , where l¢ and λ are the mean longitude
in orbit of Jupiter and the asteroid, and ϖ is the longitude of
pericenter of the asteroid. Objects in the J3/2 mean-motion
resonance are distinct by libration of σ, although as we
discussed in Appendix B, the libration center still exhibits
secular oscillations about 0o value due to Jupiter’s perturba-
tions. The relevant timescales range from hundreds to
thousands of years. The oscillations of σ are related with the
correlated resonant evolution of the semimajor axis a and
eccentricity e, and to a lesser degree inclinations I. Following
methods developed in F. Roig et al. (2002), we determined the

resonant orbital elements, namely semimajor axis, eccentricity,
and inclination by recording the mean elements when the
following set of conditions were satisfied:

∣ ∣ ∣ ∣ ( ) 10 0 10 . C1s s v v<  >  - <¢

Resonant elements were assigned for each 10 kyr long interval
in our integration. For practical reasons, we took a tolerance of
10o in Equation (C1) to make sure the condition was satisfied in
the chosen steps of 10 kyr.
In the last step, we collected the resonant elements

throughout the duration of the 10Myr integration and
computed their average values. This eliminates the remaining
secular periods induced by perturbations by Jupiter, and
indirectly also other giant planets. Except for chaotic orbits,
located close to the resonant separatrix or interacting with
several tiny secular resonances, the resulting average values are
approximate integrals of motion. Their values represent our
synthetic proper semimajor axis ap, eccentricity ep, and
inclination Ip. In order to estimate their uncertainty, we
extended the integration to 50Myr and repeated the procedure
on every consecutive 10Myr long interval. Except for a small
set of chaotic orbits, the typical median value of proper
elements variations were Δap ; 7 × 10−5 au, Δep ; 9 × 10−5,
and ΔIp ; 0.004. We found this level of accuracy adequate to
the purpose of the present work.
Figure 24 shows the projection of the Hilda population in the

(ap, Ip) and (ep, Ip) planes of the proper elements. The size and
grayscale of the symbols correspond to the absolute magnitude
of the object. Similarly to other small-body populations (such
as the main asteroid belt or Jupiter Trojan clouds), the
arrangement into distinct clusters is the principal feature of
the Hildas distribution in the proper element space. As
elsewhere, these groups are interpreted to be collections of
collisionally born fragments, and according to tradition, we call
them families. Using objective methods developed for analysis
of similar groups found in the main asteroid belt (e.g.,
V. Zappalà et al. 1990, 1995), we identify collisional families
in the Hilda population in the next appendix section. They also
represent an important component in our effort to describe the
bias-corrected population of Hildas in the main text of this
paper.

C.1. Family Identification

We used the HCM (V. Zappalà et al. 1990, 1995) to identify
the families. The cutoff velocity vcutoff was individually adjusted
for each of the families. The value reflected the statistically
required contrast between the family and the background
population of asteroids (see discussion in D. Nesvorný et al.
2015). The resulting families were further analyzed, and suspected
interlopers were removed using: (i) taxonomic information based
on broadband photometry indexes, available spectra or albedo
values (data obtained from A. Parker et al. 2008; F. Usui et al.
2011; C. R. Nugent et al. 2015), and (ii) projection of the family
onto the plane of proper eccentricity ep and absolute magnitude H.
Asteroids too distant from the largest fragment in ep, for their
given H, were removed from the family list. In particular, there
exists a certain C-value for each of the families such that the valid
members have (∣ ∣ )/H e e C5 log10 p p - , with ep

 corresp-
onding to the largest fragment in the family. This is reminiscent of
the similar property of the families in the main belt, where,
however, the proper eccentricity is replaced with the proper
semimajor axis (e.g., D. Vokrouhlický et al. 2006). This is12 doi: 10.5281/zenodo.14959239.
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because the fragment distribution in the respective projections
reflect either an initial velocity field (smaller members ejected
with a larger velocity) or—more often—the ability of small
asteroids to drift farther from the family center by the Yarkovsky
effect. This process affects principally the semimajor axis, but the
resonant situation ap is locked, and the thermal forces make the
orbit evolve in ep (e.g., M. Brož & D. Vokrouhlický 2008).
Finally, the Hilda and Potomac families were “manually”
separated at Ip = 10o. This is because both are rather dispersed
clusters that require the largest values of vcutoff. But formally, at
the required values, they would merge together. Yet, the distinct
minimum in asteroid density near the chosen limit argues that they
must be unrelated.

The final list of collisional families in the Hilda population is
provided in Table 3, and their morphological appearance in the
proper element projections (ap, Ip) and (ep, Ip) is shown in
Figure 25. Of the six families, two have been discovered in this

work: the broad and dispersed Potomac family and a very
compact 2008 TG106 family located very near the Schubart
family. The dispersed nature of Hilda and Potomac families
suggests that some of the assigned members may still be
interlopers from the background populations. All other families
are very compact with likely small interloper contribution.
Taken at a face value, there are 3676 Hildas in the identified
families of the 6393 population in total, which represents
nearly 60% of the share. This fraction is very large, and it
implies that we must take the families into account in the
debiasing effort presented in the main part of this part. We
include the three most populous families, namely Hilda,
Schubart, and Potomac. Furthermore, families may become
an even more important part of the population in smaller sizes
due to their steeper magnitude distribution (Figure 26).
Figure 27 illustrates the structure of the most prominent

Schubart family in the (ep, H) plane. The correlation between

Figure 24. Synthetic proper elements for all Hildas shown in 2D projections: (ap, Ip) (left panel), and (ep, Ip) (right panel; width and grayscale of the symbol are
roughly proportional to the absolute magnitude; see the bar). The largest members of the collisional families are indicated by circles, color-coded, and identified by the
label. The horizontal dashed line at 10o proper inclination is the auxiliary boundary used to separate the dispersed Hilda and Potomac families.

Figure 25. Synthetic proper elements of members in Hilda-population collisional families identified by the label at the top of the respective panel.
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the smallest asteroids and proper eccentricity, highlighted by
the dashed gray line, confirms trends also seen in Figures 4 and
5. The concentration of smaller Schubart members (H� 15,

say) toward the extreme ep values, and paucity in the center, is
another very important feature seen in Figure 27. This is a
counterpart of a similar effect detected in many main-belt
families but in the proper semimajor axis values. D. Vokrouh-
lický et al. (2006) found that such concentrations of small
family members result from a combined perturbing effect of the
Yarkovsky and YORP effects (and also proved that they can
help determine the age of the family). The fact that we see this
effect in the Schubart family proves that both the Yarkovsky
and YORP effects had enough time to affect the family
structure. Future analysis may improve earlier estimates of the
Schubart family age based on simpler modeling (e.g., M. Brož
& D. Vokrouhlický 2008; A. Milani et al. 2017).

Appendix D
Coordinate Transformation between Ecliptic and

Invariable Systems

In this paper, we use two heliocentric reference systems: (i)
the ecliptic system of the J2000.0 epoch (e.g., the MPC catalog
used for the initial search of known Hilda population, or the
oIF software used as a part of detection probability by CSS),
and (ii) the invariable reference system, in which we represent
orbits of the Hilda population in the remaining parts of our
work. Since there are several definitions of the invariable
system used in the literature, here we briefly specify our
definition.
The z-axis of the invariable reference frame of the solar

system is defined by the total orbital angular momentum L of
the Sun and the planets. The orientation of the x-axis is most
often set to be close to the vernal equinox of the ecliptic frame.
This is also our choice. In order to transform vectors between
the two reference frames, we use a rotation matrix . In
particular, any vector V in the ecliptic frame is expressed as

· v , where v is the same vector in the invariable frame (the
rotation matrix of the inverse transformation is just the
transposed form of ). Denoting

( )L L
sin cos
sin sin
cos

, D1
q f
q f
q

=
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

the total orbital angular momentum of planets in ecliptic
J2000.0 frame, we find θ = 1.5773756 and f = 17.47808416.
Then

( ), D2  = +

with a symmetric /2 sin 22 2  q= + and an antisymmetric
sin q= part. Here,  is the unit matrix, ·2  = and

( )
0 0 cos
0 0 sin

cos sin 0
. D3

f
f

f f
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Figure 26. Cumulative absolute magnitude distribution of the background and
the collisional families in the Hilda population. Black symbols denote the
background population, and the principal families are color-coded as follows:
Hilda (blue), Schubart (red), Potomac (pink), Francette (green), and Guinevere
(cyan). The dispersed nature of the Hilda family may be the reason for paucity
of its members beyond H ; 15. The slanted lines are power-law
approximations N(<H) ∝ 10γH, with the following exponents: background
γ = 0.34, Hilda γ = 0.47, Schubart γ = 0.6, Potomac γ = 0.6, Francette
γ = 0.95, and Guinevere γ = 0.9. At small sizes, population in families
becomes comparable (or even larger) to the background.

Figure 27.Members of the Schubart family projected onto the plane defined by
the proper eccentricity (abscissa) and absolute magnitude (ordinate); the star is
(1911) Schubart itself. The dashed line highlights higher detection efficiency at
larger eccentricities (also discussed in Figures 4 and 5). The gray arrows
indicate suspected past flow of small Schubart members toward smaller/larger
ep values by synergy of the Yarkovsky and YORP effects (see the Appendix of
M. Brož & D. Vokrouhlický 2008).

30

The Astronomical Journal, 169:242 (31pp), 2025 May Vokrouhlický et al.

https://orcid.org/0000-0002-6034-5452
https://orcid.org/0000-0002-6034-5452
https://orcid.org/0000-0002-6034-5452
https://orcid.org/0000-0002-6034-5452
https://orcid.org/0000-0002-6034-5452
https://orcid.org/0000-0002-4547-4301
https://orcid.org/0000-0002-4547-4301
https://orcid.org/0000-0002-4547-4301
https://orcid.org/0000-0002-4547-4301
https://orcid.org/0000-0003-2763-1411
https://orcid.org/0000-0003-2763-1411
https://orcid.org/0000-0003-2763-1411
https://orcid.org/0000-0003-2763-1411
https://orcid.org/0000-0002-1804-7814
https://orcid.org/0000-0002-1804-7814
https://orcid.org/0000-0002-1804-7814
https://orcid.org/0000-0002-1804-7814
https://orcid.org/0000-0001-6730-7857
https://orcid.org/0000-0001-6730-7857
https://orcid.org/0000-0001-6730-7857
https://orcid.org/0000-0001-6730-7857


References

Bottke, W. F., Vokrouhlický, D., Marschall, R., et al. 2023, PSJ, 4, 168
Bowell, E., Hapke, B., Domingue, D., et al. 1989, in Asteroids II, ed.

R. P. Binzel, T. Gehrels, & M. S. Matthews (Tucson, AZ: Univ. Arizona
Press), 524

Brož, M., & Vokrouhlický, D. 2008, MNRAS, 390, 715
Brož, M., Vokrouhlický, D., Morbidelli, A., Nesvorný, D., & Bottke, W. F.

2011, MNRAS, 414, 2716
Chang, C.-K., Chen, Y.-T., & Fraser, W. C. 2022, ApJS, 259, 7
Dahlgren, M., & Lagerkvist, C. I. 1995, A&A, 302, 907
Dahlgren, M., Lagerkvist, C. I., Fitzsimmons, A., Williams, I. P., &

Gordon, M. 1997, A&A, 323, 606
Dahlgren, M., Lahulla, J. F., & Lagerkvist, C. I. 1999, Icar, 138, 259
Ďurech, J., & Hanuš, J. 2023, A&A, 675, A24
Farnocchia, D., Chesley, S. R., Vokrouhlický, D., et al. 2013, Icar, 224, 1
Feroz, F., & Hobson, M. P. 2008, MNRAS, 384, 449
Feroz, F., Hobson, M. P., & Bridges, M. 2009, MNRAS, 398, 1601
Ferraz-Mello, S. 1981, AJ, 86, 619
Ferraz-Mello, S. 1988, AJ, 96, 400
Franklin, F. A., Lewis, N. K., Soper, P. R., & Holman, M. J. 2004, AJ,

128, 1391
Gil-Hutton, R., & Brunini, A. 2008, Icar, 193, 567
Grav, T., Mainzer, A. K., Bauer, J., et al. 2012, ApJ, 744, 197
Hagihara, Y. 1972, Celestial Mechanics. Vol. 2 Perturbation Theory

(Cambridge, MA: MIT Press)
Hellmich, S., Mottola, S., Hahn, G., Kührt, E., & de Niem, D. 2019, A&A,

630, A148
Henrard, J., Lemaitre, A., Milani, A., & Murray, C. D. 1986, CeMec, 38,

335
Hirayama, K., & Akiyama, K. 1937, JaJAG, 15, 137
Holt, T. R., Nesvorný, D., Horner, J., et al. 2020, MNRAS, 495, 4085
Jedicke, R., Granvik, M., Micheli, M., et al. 2015, Asteroids IV (Tucson, AZ:

Univ. Arizona Press)
Kühnert, F. 1876, AN, 87, 173
Laskar, J., & Robutel, P. 2001, CeMDA, 80, 39
Laves, K. 1904, PYerO, 2, 401
Lemaitre, A., & Henrard, J. 1988, CeMec, 43, 91
Levison, H. F., Bottke, W. F., Gounelle, M., et al. 2009, Natur, 460, 364
Levison, H. F., & Duncan, M. J. 1994, Icar, 108, 18
Michtchenko, T. A., & Ferraz-Mello, S. 1995, A&A, 303, 945
Michtchenko, T. A., & Ferraz-Mello, S. 1996, A&A, 310, 1021
Milani, A. 1993, CeMDA, 57, 59
Milani, A., Knežević, Z., Spoto, F., et al. 2017, Icar, 288, 240
Moons, M. 1994, CeMDA, 60, 173
Morbidelli, A., & Moons, M. 1993, Icar, 102, 316
Murray, C. D. 1986, Icar, 65, 70
Murray, C. D., & Dermott, S. F. 1999, Solar System Dynamics (Cambridge:

Cambridge Univ. Press)
Naidu, S. P., Chesley, S. R., & Farnocchia, D. 2017, AAS/DPS Meeting, 49,

112.04
Nesvorný, D. 2018, ARA&A, 56, 137

Nesvorný, D., Brož, M., & Carruba, V. 2015, in Asteroids IV, ed. P. Michel,
F. E. DeMeo, & W. F. Bottke (Tucson, AZ: Univ. Arizona Press), 297

Nesvorný, D., Deienno, R., Bottke, W. F., et al. 2023, AJ, 166, 55
Nesvorný, D., & Ferraz-Mello, S. 1997, Icar, 130, 247
Nesvorný, D., Vokrouhlický, D., Shelly, F., et al. 2024, Icar, 411, 115922
Nugent, C. R., Mainzer, A., Masiero, J., et al. 2015, ApJ, 814, 117
Palisa, J. 1875, AN, 86, 381
Parker, A., Ivezić, Ž., Jurić, M., et al. 2008, Icar, 198, 138
Pirani, S., Johansen, A., Bitsch, B., Mustill, A. J., & Turrini, D. 2019, A&A,

623, A169
Press, W. H., Teukolsky, S. A., Vetterling, W. T., & Flannery, B. P. 2007,

Numerical Recipes: The Art of Scientific Computing (Cambridge:
Cambridge Univ. Press)

Quinn, T. R., Tremaine, S., & Duncan, M. 1991, AJ, 101, 2287
Roig, F., & Nesvorný, D. 2015, AJ, 150, 186
Roig, F., Nesvorný, D., & Ferraz-Mello, S. 2002, MNRAS, 335, 417
Roig, F., Ribeiro, A. O., & Gil-Hutton, R. 2008, A&A, 483, 911
Schubart, J. 1964, SAOSR, 149, 1
Schubart, J. 1968, AJ, 73, 99
Schubart, J. 1982a, A&A, 114, 200
Schubart, J. 1982b, CeMec, 28, 189
Schubart, J. 1991, A&A, 241, 297
Schwamb, M. E., Jones, R. L., Yoachim, P., et al. 2023, ApJS, 266, 22
Sessin, W., & Bressane, L. B. R. 1988, Icar, 75, 97
Slyusarev, I., Shevchenko, V., & Belskaya, I. 2014, in Asteroids, Comets,

Meteors 2014, ed. K. Muinonen et al. (Helsinki: Scattport), 497
Slyusarev, I. G., Shevchenko, V. G., Belskaya, I. N., Krugly, Y. N., &

Chiorny, V. G. 2012, LPSC, 43, 1885
Slyusarev, I. G., Shevchenko, V. G., Belskaya, I. N., Krugly, Y. N., &

Chiorny, V. G. 2013, AstSR, 9, 75
Szabó, G. M., Kiss, C., Szakáts, R., et al. 2020, ApJS, 247, 34
Terai, T., & Yoshida, F. 2018, AJ, 156, 30
Usui, F., Kuroda, D., Müller, T. G., et al. 2011, PASJ, 63, 1117
Vinogradova, T. A. 2015, MNRAS, 454, 2436
Vinogradova, T. A. 2019, MNRAS, 484, 3755
Vinogradova, T. A. 2020, IAUFM, 30, 24
Vokrouhlický, D., Bottke, W. F., Chesley, S. R., Scheeres, D. J., &

Statler, T. S. 2015, in Asteroids IV, ed. P. Michel, F. E. DeMeo, &
W. F. Bottke (Tucson, AZ: Univ. Arizona Press), 509

Vokrouhlický, D., Bottke, W. F., & Nesvorný, D. 2016, AJ, 152, 39
Vokrouhlický, D., Brož, M., Bottke, W. F., Nesvorný, D., & Morbidelli, A.

2006, Icar, 182, 118
Vokrouhlický, D., Nesvorný, D., Brož, M., et al. 2024, AJ, 167, 138
Wisdom, J. 1986, CeMec, 38, 175
Wisdom, J. 1987, Icar, 72, 241
Wong, I., & Brown, M. E. 2017, AJ, 153, 145
Wong, I., Brown, M. E., & Emery, J. P. 2014, AJ, 148, 112
Wong, I., Brown, M. E., & Emery, J. P. 2017, AJ, 154, 104
Yoshida, F., Terai, T., Ito, T., et al. 2019, P&SS, 169, 78
Zappalà, V., Bendjoya, P., Cellino, A., Farinella, P., & Froeschlé, C. 1995,

Icar, 116, 291
Zappalà, V., Cellino, A., Farinella, P., & Knežević, Z. 1990, AJ, 100, 2030

31

The Astronomical Journal, 169:242 (31pp), 2025 May Vokrouhlický et al.

https://doi.org/10.3847/PSJ/ace7cd
https://ui.adsabs.harvard.edu/abs/2023PSJ.....4..168B/abstract
https://doi.org/10.1111/j.1365-2966.2008.13764.x
https://ui.adsabs.harvard.edu/abs/2008MNRAS.390..715B/abstract
https://doi.org/10.1111/j.1365-2966.2011.18587.x
https://ui.adsabs.harvard.edu/abs/2011MNRAS.414.2716B/abstract
https://doi.org/10.3847/1538-4365/ac50ac
https://ui.adsabs.harvard.edu/abs/2022ApJS..259....7C/abstract
https://ui.adsabs.harvard.edu/abs/1995A&#x00026;A...302..907D/abstract
https://ui.adsabs.harvard.edu/abs/1997A&#x00026;A...323..606D/abstract
https://doi.org/10.1006/icar.1998.6067
https://ui.adsabs.harvard.edu/abs/1999Icar..138..259D/abstract
https://doi.org/10.1051/0004-6361/202345889
https://ui.adsabs.harvard.edu/abs/2023A&#x00026;A...675A..24D/abstract
https://doi.org/10.1016/j.icarus.2013.02.004
https://ui.adsabs.harvard.edu/abs/2013Icar..224....1F/abstract
https://doi.org/10.1111/j.1365-2966.2007.12353.x
https://ui.adsabs.harvard.edu/abs/2008MNRAS.384..449F/abstract
https://doi.org/10.1111/j.1365-2966.2009.14548.x
https://ui.adsabs.harvard.edu/abs/2009MNRAS.398.1601F/abstract
https://doi.org/10.1086/112924
https://ui.adsabs.harvard.edu/abs/1981AJ.....86..619F/abstract
https://doi.org/10.1086/114819
https://ui.adsabs.harvard.edu/abs/1988AJ.....96..400F/abstract
https://doi.org/10.1086/422920
https://ui.adsabs.harvard.edu/abs/2004AJ....128.1391F/abstract
https://ui.adsabs.harvard.edu/abs/2004AJ....128.1391F/abstract
https://doi.org/10.1016/j.icarus.2007.08.026
https://ui.adsabs.harvard.edu/abs/2008Icar..193..567G/abstract
https://doi.org/10.1088/0004-637X/744/2/197
https://ui.adsabs.harvard.edu/abs/2012ApJ...744..197G/abstract
https://doi.org/10.1051/0004-6361/201834715
https://ui.adsabs.harvard.edu/abs/2019A&#x00026;A...630A.148H/abstract
https://ui.adsabs.harvard.edu/abs/2019A&#x00026;A...630A.148H/abstract
https://doi.org/10.1007/BF01238924
https://ui.adsabs.harvard.edu/abs/1986CeMec..38..335H/abstract
https://ui.adsabs.harvard.edu/abs/1986CeMec..38..335H/abstract
https://ui.adsabs.harvard.edu/abs/1937JaJAG..15..137H/abstract
https://doi.org/10.1093/mnras/staa1348
https://ui.adsabs.harvard.edu/abs/2020MNRAS.495.4085H/abstract
https://doi.org/10.1002/asna.18760871104
https://ui.adsabs.harvard.edu/abs/1876AN.....87..173K/abstract
https://doi.org/10.1023/A:1012098603882
https://ui.adsabs.harvard.edu/abs/2001CeMDA..80...39L/abstract
https://ui.adsabs.harvard.edu/abs/1904PYerO...2..401L/abstract
https://doi.org/10.1007/BF01234556
https://ui.adsabs.harvard.edu/abs/1988CeMec..43...91L/abstract
https://doi.org/10.1038/nature08094
https://ui.adsabs.harvard.edu/abs/2009Natur.460..364L/abstract
https://doi.org/10.1006/icar.1994.1039
https://ui.adsabs.harvard.edu/abs/1994Icar..108...18L/abstract
https://ui.adsabs.harvard.edu/abs/1995A&#x00026;A...303..945M/abstract
https://ui.adsabs.harvard.edu/abs/1996A&#x00026;A...310.1021M/abstract
https://doi.org/10.1007/BF00692462
https://ui.adsabs.harvard.edu/abs/1993CeMDA..57...59M/abstract
https://doi.org/10.1016/j.icarus.2016.12.030
https://ui.adsabs.harvard.edu/abs/2017Icar..288..240M/abstract
https://doi.org/10.1007/BF00693099
https://ui.adsabs.harvard.edu/abs/1994CeMDA..60..173M/abstract
https://doi.org/10.1006/icar.1993.1052
https://ui.adsabs.harvard.edu/abs/1993Icar..102..316M/abstract
https://doi.org/10.1016/0019-1035(86)90064-3
https://ui.adsabs.harvard.edu/abs/1986Icar...65...70M/abstract
https://ui.adsabs.harvard.edu/abs/2017DPS....4911204N/abstract
https://ui.adsabs.harvard.edu/abs/2017DPS....4911204N/abstract
https://doi.org/10.1146/annurev-astro-081817-052028
https://ui.adsabs.harvard.edu/abs/2018ARA&#x00026;A..56..137N/abstract
https://doi.org/10.3847/1538-3881/ace040
https://ui.adsabs.harvard.edu/abs/2023AJ....166...55N/abstract
https://doi.org/10.1006/icar.1997.5807
https://ui.adsabs.harvard.edu/abs/1997Icar..130..247N/abstract
https://doi.org/10.1016/j.icarus.2023.115922
https://ui.adsabs.harvard.edu/abs/2024Icar..41115922N/abstract
https://doi.org/10.1088/0004-637X/814/2/117
https://ui.adsabs.harvard.edu/abs/2015ApJ...814..117N/abstract
https://doi.org/10.1002/asna.18750862404
https://ui.adsabs.harvard.edu/abs/1875AN.....86R.381P/abstract
https://doi.org/10.1016/j.icarus.2008.07.002
https://ui.adsabs.harvard.edu/abs/2008Icar..198..138P/abstract
https://doi.org/10.1051/0004-6361/201833713
https://ui.adsabs.harvard.edu/abs/2019A&#x00026;A...623A.169P/abstract
https://ui.adsabs.harvard.edu/abs/2019A&#x00026;A...623A.169P/abstract
https://doi.org/10.1086/115850
https://ui.adsabs.harvard.edu/abs/1991AJ....101.2287Q/abstract
https://doi.org/10.1088/0004-6256/150/6/186
https://ui.adsabs.harvard.edu/abs/2015AJ....150..186R/abstract
https://doi.org/10.1046/j.1365-8711.2002.05635.x
https://ui.adsabs.harvard.edu/abs/2002MNRAS.335..417R/abstract
https://doi.org/10.1051/0004-6361:20079177
https://ui.adsabs.harvard.edu/abs/2008A&#x00026;A...483..911R/abstract
https://ui.adsabs.harvard.edu/abs/1964SAOSR.149.....S/abstract
https://doi.org/10.1086/110605
https://ui.adsabs.harvard.edu/abs/1968AJ.....73...99S/abstract
https://ui.adsabs.harvard.edu/abs/1982A&#x00026;A...114..200S/abstract
https://doi.org/10.1007/BF01230671
https://ui.adsabs.harvard.edu/abs/1982CeMec..28..189S/abstract
https://ui.adsabs.harvard.edu/abs/1991A&#x00026;A...241..297S/abstract
https://doi.org/10.3847/1538-4365/acc173
https://ui.adsabs.harvard.edu/abs/2023ApJS..266...22S/abstract
https://doi.org/10.1016/0019-1035(88)90128-5
https://ui.adsabs.harvard.edu/abs/1988Icar...75...97S/abstract
https://ui.adsabs.harvard.edu/abs/2014acm..conf..497S/abstract
https://ui.adsabs.harvard.edu/abs/2012LPI....43.1885S/abstract
https://doi.org/10.18372/2411-6602.09.1075
https://ui.adsabs.harvard.edu/abs/2013AstSR...9...75S/abstract
https://doi.org/10.3847/1538-4365/ab6b23
https://ui.adsabs.harvard.edu/abs/2020ApJS..247...34S/abstract
https://doi.org/10.3847/1538-3881/aac81b
https://ui.adsabs.harvard.edu/abs/2018AJ....156...30T/abstract
https://doi.org/10.1093/pasj/63.5.1117
https://ui.adsabs.harvard.edu/abs/2011PASJ...63.1117U/abstract
https://doi.org/10.1093/mnras/stv2115
https://ui.adsabs.harvard.edu/abs/2015MNRAS.454.2436V/abstract
https://doi.org/10.1093/mnras/stz228
https://ui.adsabs.harvard.edu/abs/2019MNRAS.484.3755V/abstract
https://doi.org/10.1017/S1743921319003314
https://ui.adsabs.harvard.edu/abs/2020IAUGA..30...24V/abstract
https://doi.org/10.3847/0004-6256/152/2/39
https://ui.adsabs.harvard.edu/abs/2016AJ....152...39V/abstract
https://doi.org/10.1016/j.icarus.2005.12.010
https://ui.adsabs.harvard.edu/abs/2006Icar..182..118V/abstract
https://doi.org/10.3847/1538-3881/ad2200
https://ui.adsabs.harvard.edu/abs/2024AJ....167..138V/abstract
https://doi.org/10.1007/BF01230429
https://ui.adsabs.harvard.edu/abs/1986CeMec..38..175W/abstract
https://doi.org/10.1016/0019-1035(87)90175-8
https://ui.adsabs.harvard.edu/abs/1987Icar...72..241W/abstract
https://doi.org/10.3847/1538-3881/aa60c3
https://ui.adsabs.harvard.edu/abs/2017AJ....153..145W/abstract
https://doi.org/10.1088/0004-6256/148/6/112
https://ui.adsabs.harvard.edu/abs/2014AJ....148..112W/abstract
https://doi.org/10.3847/1538-3881/aa8406
https://ui.adsabs.harvard.edu/abs/2017AJ....154..104W/abstract
https://doi.org/10.1016/j.pss.2019.02.003
https://ui.adsabs.harvard.edu/abs/2019P&#x00026;SS..169...78Y/abstract
https://doi.org/10.1006/icar.1995.1127
https://ui.adsabs.harvard.edu/abs/1995Icar..116..291Z/abstract
https://doi.org/10.1086/115658
https://ui.adsabs.harvard.edu/abs/1990AJ....100.2030Z/abstract

	1. Introduction
	2. The Observed Hilda Population
	3. Orbital and Magnitude Distribution of Hilda Population
	3.1. Suitable Orbital Parameters
	3.2. Magnitude Distribution

	4. Adjustment of the Model Parameters via Calibration on the CSS Observations
	4.1. Detection Probability
	4.2. Optimization of Model Parameters

	5. Results
	5.1. Detection Probability of CSS Observations
	5.2. Fitting the Observed Hilda Population
	5.3. Bias-corrected Hilda Population
	5.4. Variant Simulations

	6. Discussion and Conclusions
	6.1. Slope Variation of the Hilda Magnitude Distribution
	6.2. Long-term Dynamical Stability of the Hilda Population
	6.3. Implications

	Appendix AA Brief Review of Hilda Population
	Appendix BProper Orbital Parameters for Hilda-type Orbits
	B.1. Canonical Variables and Averaging over the Fastest Variable
	B.2. Osculating Orbits to Proper Parameters: e to p
	B.3. Proper Parameters to Osculating Orbits: p to e

	Appendix CSynthetic Proper Elements
	C.1. Family Identification

	Appendix DCoordinate Transformation between Ecliptic and Invariable Systems
	References



