


+»Statistical Equilibrium is the concept that applies o processes, i.e.,
ionization, temperature, level populations, etc., that have arrived at a
steady-state equilibrium that is determined by the interactions that
create (populate) and that destroy (de-populate) that state.

-In a time-constant situation the rate equations define the balance that
determines the values of parameters. For example, at each point in space
where steady-state equilibrium applies

Ionization: No. of ionizations/(cm3 sec) = No. of de-ionizations/(cm3 sec)

Level population: No. of excitations/(cm3 sec) = No. of de-excitations/(cm? sec)

Temperature: Rate of energy input/(cm? sec) = Rate of energy loss/(cm? sec)
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The ‘Photoionization Cycle’
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1) UV (A<912 A) radiation is absorbed by neutral H° gas surrounding hot star, ionizing it (ISM

timescale, t~103 yr)
2) Ejected e~ ‘thermalizes’ from collisns w other e~’s and ions (1 mo). Then,

3) Electron recapture (recombination) by H*, typically to an excited level (after t~103 yrs)
4) Excited H° rapidly decays to ground state by emission of line radiation of Paschen, Balmer, Lyman

...series (t~10-7 sec)
5) Remains in ground state (+~103 yr) before process repeats

= Net Result: Stellar UV radiation converted to H & He emission line+continuum radiation + hot

gas
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(Independent variable: n)
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Level Populations

Consider rate of radiative & collisional interactions into/out of excited level j.

- / - No--of radiative (de-)excitations out of level j/(cm’sec) = h; (A ji +m
ignore
No. of radiative excitations into level j/(cm3sec) = nlBllej

de-
No. of collisional excitations, de-excitations into j/(cm3sec) = % NNy <0ije(§/) v>

No. of collisional excitations, de-excitations out of j/(cm3sec) = Z NeN; <o§f(v) v>

rec

No. of electron recombinations into level j/(cm’sec) = N, Ny, <0; (v) v

« Statistical equilibrium for level j that determines its population (and therefore the
intensity of its line emission) is determined by the condition that:

Rate into level j/(cm3 sec) = Rate out of level j/(cm3 sec)

> NAL+ NNigp <05 (V) V> +Zn nk<okJ(v§ v>+ By Jy; = N2Aj + 2 neh, 0 (v) V> + J

k>j i<j

\ Resonance line scattering /

Jl
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Emission-Line Coefficients

Consider simplified situation where only one process populates a level and

simple radiative decay de-populates it.

vol

Let j,;=emission coefficient of transition 2->1 of some ion
F,; = observed flux of line from object at distance d

Luminosity of object in line 2-1, L= f (4mj,) dV (if optically thin)

R
= 16m? IJZI(P) ré dr (if sph symm)
0

= 4m1d? F21

F21: l/dzf\iZl dV = 4W/d2ﬁ21(r) rZ dr
0

where j, = hy Ay hvy/4m =

hV21/4Tf X

e

NN <OrZetV) v>

neh; <0.ltaZX(V) v>

—

niBiod 12

recombination

___ collisional excitation

resonance fluorescence
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Temperature Dependence of Collision Rates

The dependence of collision rates on electron temperature T, and the different values of
cross sections means that simplifications can be made in solving the level population
equations.

(oo
exc

where <oe;fv) V> = f oji(v) v x 4/Jm (m/2KkT,)32 v2 exp(-mv3/2KT,) dv
\"

(0]

exc 1
collisional excitation — OC 0, Te'/z exp(-xexc/kTe) with CIJi(V)ZCIO(VO/V)2

& e energy threshold 3mv,2 = Y.

1
collisional de-excitation > = 10-8 (104/Te)/2 for g, = 10-16 cm?
v,= 0 (de-excitation)
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‘Critical Density’ for Transitions

j  Consider radiative vs. collisional de-excitation of excited level j.

i No. of radiative de-excitations/(cm3sec) = h; A I
de-
No. of collisional de-excitations/(cm3sec) = n.N; <G§ii>\<f) v>

The ‘critical density’, N, of level j is the density above which collisional de-excitations
dominate radiative decay (so emission from that level weakens w.r.t. transitions from other
levels):
de-ex
nec - AJl / <0ji(V§V>

o0
de-exc

where <Oji(V) V> = f Gji(V) V x 4/fo (m/ZkTe)3/2 v2 exp(-mVZ/ZkTe) dv
Vo

de-exc

oC 0, T, exp(-mv,2/2KT,) with 0;(v)=0,(v,/V)?
v,= e velocity excitation threshold

~ 108 (104/T.,)"? for o, = 1016 cm?
v,= O (de-excitation)

> . neC oC 108 IAJI cm-3



Transition Probabilities

* From quantum mechanics time dependent perturbation theory, the probability
(='expectation value’) P,p of a system making a transition from state A-> B

Pas o [ s Hiy WadV 2 because HY = ih (09 /ot)
where H is the Hamiltonian of a charged particle in an electromagnetic field:
H=1/2m (p-e/c Ay + e  [= Hygrricle * Hinteraction * Hrietd]
« For multiple electrons this becomes

H=1/2m (p-e/c A + e+ 2 e?/4me,r; +2()s*f + 2()se*s

Large for Z<10 [H-Ne] - 'L-S Coupling’
For plane EM wave

A=A, eikr=ot) o A [1+iker - |ker|)2+ ....]

where kr~2ma, /A ~ 103  for optical wavelengths (="long wavelength approximation”)



Transition Selection Rules

* Radiative fransitions between energy states are governed by ‘selection rules’ that are
required for

Pag o [I W™ Hiny U4 dV I
Where Pnlm—>n'l.”m' o< [f LI)*n'é'm' (-e/m E'Ao gitkr-ot) LI—'ne’m) dV ]2 and p=mr "= 27i/h [Hr - I'H]

o [[A(er+ekr)2+...)dV]2 = O from orthogonality relationships, except when

(‘Permité ) \’ (‘Forbidden’)

EICCTr'iC DIDOIQ (A~107 sec?) Magnefic D|p0|e (A~102 sec!)

1. One electron jumps in (n, {); others

1. No electrons jump in (n, {)

don’ t change. An = arbitrary 2. Parity does not change: /M =0
2. Parity must change: Al =+1 3 AL=0 +1
3. AL=0, + 1 4, As-=0 (L-S rule only)
4. NS=0 (L-Srule only) 5 AJ=0 =+ 1
5. AJ=0, = 1 |

Note: A multiplet consists of those lines between allowable J-values for a given 25*1L
spectroscopic configuration
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Atomic Energy Levels: O III (s22s22p?)

- — 33 eV
2p3s ©
232p3 — 75eV
— 50eV
2p2
& —_25eV
2
2 1
| T | — o
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Bashkin & Stoner. 1975, Atomic Energy Levels (North Holland)



Atomic Energy Levels: O III (s22s22p?)

- — 33 eV
2p3s ——
Transition Type Wavelength Ajqsec) Topc (k) N (cm-3)
O ITITI A374  Permitted (Resonance) Far-UV 10° 10° 1017
Permitted” Selection Rules: O III] M663 Intercombination UV 108 2x104 101
1. Outer electron must change (n,{)
2. No spin change (AS=0) [O III] ABO07 Forbidden Optical 101 104 107
[O ITI] A88u Fine-structure Far-IR 104 102 103
(Forbidden)
374 A 5 252p? ___75eV
S
>
()
C |
(g}
o
2p? ___50eV
1663 A ©
4363 A
A
l'ora/
— 2b5eV
| | | 2p | 88y flne-strlucture 5
1S 1P 1D 3Po

3P 530
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