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ABSTRACT
The age of a young asteroid family can be determined by tracking the orbits of family members
backward in time and showing that they converge at some time in the past. Here we consider the
Veritas family. We find that the membership of the Veritas family increased enormously since
the last detailed analysis of the family. Using backward integration, we confirm the convergence
of nodal longitudes �, and, for the first time, also obtain a simultaneous convergence of
pericentre longitudes � . The Veritas family is found to be 8.23+0.37

−0.31 Myr old. To obtain a tight
convergence of � and � , as expected from low ejection speeds of fragments, the Yarkovsky
effect needs to be included in the modelling of the past orbital histories of Veritas family
members. Using this method, we compute the Yarkovsky semimajor axis drift rates, da/dt,
for 274 member asteroids. The distribution of da/dt values is consistent with a population of
C-type objects with low densities and low thermal conductivities. The accuracy of individual
da/dt measurements is limited by the effect of close encounters of member asteroids to (1)
Ceres and other massive asteroids, which cannot be evaluated with confidence.

Key words: celestial mechanics – minor planets, asteroids: general.

1 IN T RO D U C T I O N

Asteroid families are the outcomes of disruptive collisions of main
belt asteroids. After a family-forming event, the orbits of fragments
are affected by gravitational and non-gravitational forces, such as
planetary perturbations and the Yarkovsky effect (Bottke et al. 2002;
Vokrouhlický et al. 2015). The Yarkovsky effect acts to spread
fragments in semimajor axis. It is therefore generally difficult, in
the case of old asteroid families, to distinguish between the original
spread caused by ejection velocities and the subsequent evolution
by the Yarkovsky effect.

For young asteroid families (age <20 Myr), on the other hand,
the semimajor axis spread is not affected by the Yarkovsky effect.
Their orbital structure thus allows us to make inferences about
the original ejection velocity field. This is why the young asteroid
families are useful. In addition, by integrating the orbits of young
family members backward in time and checking on the convergence
of their longitudes of pericentre � and node �, it is possible to
determine the family’s age (Nesvorný et al. 2003).

The Veritas family (Family Identification Number, FIN, 609;
Nesvorný, Brož & Carruba 2015) was first studied by Milani &
Farinella (1994). They found that the orbit of (490) Veritas diffuses
chaotically in eccentricity due to a background mean motion res-
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onance. For (490) Veritas to be classified as a member, the family
must be young (<50 Myr; Milani & Farinella 1994). Subsequently,
Nesvorný et al. (2003) used the convergence of � of Veritas mem-
bers to determine that the family is only 8.3 Myr old. This very
young age was linked to a spike in the terrestrial deposition of
interplanetary dust particles at 8.2 ± 0.1 Myr ago (Farley et al.
2006).

Many asteroids have been discovered since 2003, and the popu-
lation of Veritas members is now about 10 times larger than it was
back then. Using techniques developed in Carruba, Nesvorný &
Vokrouhlický (2016), here we investigate the interesting case of the
Veritas family. Our goal is to: (i) revise the age estimate obtained
in Nesvorný et al. (2003); (ii) show that the convergence constraint
requires inclusion of the Yarkovsky effect in the backward integra-
tion; (iii) set constraints on values of the key parameters affecting
the Yarkovsky force, such as the asteroids density and thermal con-
ductivity and (iv) study the effect of close encounters with Ceres
and other massive asteroids have had on the past orbital histories of
family members.

The analysis of the Veritas family is complicated by the presence
of the nearby 2:1 resonance with Jupiter, where the precession rate
of the perihelion longitude, g, has a singularity. The precession rate
g is therefore fast in the region of the Veritas family, which prevented
Nesvorný et al. (2003) from demonstrating the convergence of � .
Here we were able to overcome this difficulty and obtain, for the first
time, the simultaneous convergence of both � and � . This increases
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Figure 1. The (a, e) (panel A) and (a, sin i) (panel B) projections of orbits near the Veritas family. The vertical lines display the locations of main mean-motion
resonances in the region. The blue symbols show the orbits of members of the Veritas family. The black dots display the background orbits.

our confidence that the present analysis correctly estimates the age
of the Veritas family and constrains the principal parameters of the
Yarkovsky effect.

2 FA M I LY ID E N T I F I C ATI O N A N D
DY NA MICAL PROPERTIES

As a first step of our analysis, we obtained the membership of
the Veritas family from Nesvorný et al. (2015), where the fam-
ily was defined using the hierarchical clustering method (HCM;
Bendjoya & Zappalà 2002) and a cut-off of 30 m s−1. 1294 mem-
bers of the Veritas family were identified in that work. Follow-
ing Carruba & Nesvorný (2016) we identified objects in the lo-
cal background of the Veritas family. For this, we used the data
base of synthetic proper elements available at the AstDyS site
(http://hamilton.dm.unipi.it/astdys; Knežević & Milani 2003, ac-
cessed on 2016 September 3). Asteroids were considered to belong
to the local background if they had proper e and sin i near the Ver-
itas family, namely 0.035 < e < 0.095 and 0.135 < sin i < 0.185
(these ranges correspond to four standard deviations of the observed
distribution of the Veritas family).

The values of proper a were chosen from the maximum and
minimum values of Veritas members ±0.02 au, the averaged ex-
pected orbital mobility potentially caused by close encounters with
massive asteroids over 4 Gyr (Carruba et al. 2013). Namely, this
corresponds to an interval 3.15 < a < 3.19 au. Overall, we found
2166 background asteroids. No other important dynamical groups
can be found in the local background of the Veritas family (Carruba
2013). After removing members of the Veritas family, the local
background consists of 872 asteroids. The Veritas family and its
background are shown in Fig. 1.

Chaotic dynamics in the region of the Veritas family was studied
in detail in Milani & Farinella (1994) and Tsiganis, Knežević &
Varvoglis (2007). Interested readers can find more information in
those papers. Here we just consider the information about Veritas
family members that can be obtained from their Lyapunov times.
Tsiganis et al. (2007) identified two main chaotic regions in the
Veritas family: one, with Lyapunov times <3 × 104 yr, associ-
ated with the three-body resonance 5-2-2 (or 5J:-2S:-2A in alter-
native notation) and its multiplet structure, and another one, with
3 × 104 < TL < 105 yr, caused by the interaction of asteroids

with the 3+3-2 resonance (or 3J:3S:-2A). Another three-body reso-
nance identified in the region was the 7-7-2 resonance, but that only
affected a single asteroid [(37005) 2000 TO37].

Objects with Lyapunov times longer than 105 yr and semimajor
axes lower than that of the 3+3-2 resonance were classified as
R1 objects, while regular asteroids between the 3+3-2 and 5-2-
2 resonances were classified as R2 asteroids (Tsiganis et al. 2007).
Only one regular Veritas family member was known with semimajor
axis larger than that of the 5-2-2 resonance. A significant population
of objects in this region is, however, currently known (139 asteroids,
Fig. 1). Extending the notation from Tsiganis et al. (2007), we define
these asteroids as R3 objects.

Concerning secular resonances in the region of the Veritas fam-
ily, an extensive study of the secular dynamics was performed in
Carruba (2013) and Carruba et al. (2014). The two main secular res-
onances near the Veritas family are the g − 2g6 + g5 + s − s7 (or, in
terms of the linear secular resonances arguments, 2ν6 − ν5 + ν17)
and g − g6 + 2s − 2s6 (or ν6 + 2ν16) resonances. Only 10 outer
main belt asteroids were found to librate in these resonances. They
do not thus play a significant role in the dynamical evolution of the
Veritas family.

Fig. 2 shows the (a, e) projection of asteroids near the Veritas
family. The colour code identifies the degree of chaoticity associated
with a given orbit: regular orbits are shown as black dots, orbits with
3 × 104 < TL < 105 yr are shown as green full circles and orbits
with TL < 3 × 104 yr are shown as blue full circles. With the
exception of the new population of regular objects beyond the 5-
2-2 resonance, our analysis essentially confirms that of Tsiganis
et al. (2007).

3 PHYSI CAL PROPERTI ES

A detailed analysis of physical properties of asteroids in the re-
gion of the Themis, Hygiea and Veritas families was reported in
Carruba (2013). Here we briefly summarize the physical proper-
ties of asteroids near the Veritas family. There are 146 objects with
photometric data in the Sloan Digital Sky Survey-Moving Object
Catalog 4 (SDSS-MOC4) data (Ivezić et al. 2001) in this region,
89 of which (61 per cent of the total) are members of the Veritas
family. In addition, 784 objects have geometric albedo and absolute
magnitude information available in the Wide-field Infrared Survey
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Figure 2. The (a, e) projection of orbits in the local background of the
Veritas family. Objects with Lyapunov times TL > 105 yr are shown as
black dots, objects with 3 × 104 < TL < 105 yr are displayed as green full
circles and objects with TL < 3 × 104 yr are shown as blue full circles.
The Lyapunov times were obtained from the AstDyS catalogue (Knežević
& Milani 2003).

Explorer (WISE) and Near-Earth Object Wide-field Infrared Survey
Explorer (NEOWISE) data bases (Masiero et al. 2012).

Fig. 3 shows the taxonomic classification of asteroids obtained
from SDSS-MOC4 with the method of DeMeo & Carry (2013)
(panel A), and the WISE geometric albedo pV (panel B). In panel
(B), we separate dark asteroids (compatible with the C-complex
taxonomy; pV < 0.12) and bright asteroids (S-complex taxonomy;
0.12 < pV < 0.30; Masiero et al. 2012). The Veritas family is
obviously a C-type family, and the C-complex objects also dominate
the local background. In total, we found 97 Cs, 39 Xs and 3 Ds in
the region, all belonging to the C-complex. There were only seven
S-complex asteroids, four of which are S-type, two K-type and one
A-type. The proportion of C- and S-complex asteroids is consistent
with the available geometric albedo data: of the 784 objects with
WISE albedo, 715 (91.2 per cent of the total) have pV < 0.12, and
are compatible with a C-complex taxonomy.

Figure 4. An (a, sin i) projection of asteroids near the orbital location of
the Veritas family. The colour and size of the symbols reflect the estimated
asteroid mass.

Finally, we estimated the masses of asteroids in and near the
Veritas family assuming objects to be spherical with bulk density
equal to 1300 kg m−3 (typical value of C-type objects). For objects
with available WISE albedo data, we used the WISE pV value to
estimate their radius from the absolute magnitude (equation 1 in
Carruba et al. 2003). For all other objects we used pV = 0.07, which
is the mean value of the Veritas family.

Fig. 4 shows our results. Among the Veritas members, only (490)
Veritas and (1086) Nata have estimated masses larger than 1017 kg
and diameters D > 50 km (D = 110 and 70 km, respectively).
Smoothed particle hydrodynamics (SPH) simulation of the catas-
trophic disruption event that produced the Veritas family (Michel
et al. 2011) indicates the observed size distribution of family mem-
bers cannot be well reproduced if both (490) Veritas and (1086) Nata
are true members of the family. Our analysis of the past convergence
described in the following sections shows that the convergence of
(1086) Nata can be demonstrated, while that of (490) Veritas can-
not (because of the chaotic orbit of (490) Veritas). While it is not
possible at this stage to positively decide whether (490) Veritas is

(A) (B)

Figure 3. An (a, sin i) distribution of Veritas family asteroids, with taxonomic information (panel A) and WISE albedo data (panel B). Symbols used to identify
asteroids with different spectral types and albedo values are identified in the inset.
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Figure 5. Panel (A): an (a, e) projection of Veritas family members (blue full circles) and background asteroids (green full circles) that passed our convergence
criterion. Panel (B): convergence of the nodal longitudes at �8.3 Myr of the first 50 members of the Veritas family (other members not shown for clarity). The
vertical dashed lines display the approximate limits of the Veritas family age.

a member or not of its namesake family, for the purpose of our
research we will use the orbit of (1086) Nata as a reference for the
method of convergence of secular angles hereafter. Finally, since
the combined volume of the Veritas members, barring (490) Ver-
itas itself, is about 40 per cent of the total volume of the family,
the family-forming event should be characterized as a catastrophic
disruption.

4 PA S T C O N V E R G E N C E O F T H E N O DA L
L O N G I T U D E S

Following the approach described in Nesvorný et al. (2003),
Nesvorný & Bottke (2004) and Carruba et al. (2016) for the Veritas
and Karin families, we checked for a past convergence of orbits of
members of the Veritas family and objects in the local background.
We first focus on demonstrating the convergence of �, because the
convergence of � is complicated by the proximity to the 2:1 res-
onance (both the g frequency and its derivative, ∂g/∂a, are large;
Nesvorný et al. 2003).

To start with, to avoid strongly chaotic orbits, we selected 918
members of the Veritas dynamical family with TL > 3 × 104 yr.
The chaotic orbits are mostly found in the identified three-body
resonances and we cannot use them because their orbital histories
cannot be computed deterministically. The selected orbits were in-
tegrated backward in time with SWIFT_MVSF, which is a symplectic
integrator programmed by Levison & Duncan (1994). It was mod-
ified by Brož (1999) to include online filtering of the osculating
elements. All eight planets were included in the integration as mas-
sive perturbers. We used a time step of 1 d. The Yarkovsky effect
was not included in this initial integration.

Using the approach described in Carruba et al. (2016), we first
checked for the past convergence of �. Asteroid (1086) Nata was
used as a reference body, because its orbit has very long Lyapunov
time [(490) Veritas cannot be used for this purpose because its
orbit in the 5-2-2 resonance is strongly chaotic]. Specifically, we
required that � of individual orbits converge to within ±60◦ about
Nata’s � in the time interval between 8.1 and 8.5 Myr ago, which
encompasses the age of the Veritas family estimated in Nesvorný
et al. (2003). Out of the 918 considered bodies, 705 (76.8 per cent
of the total) passed this test.

We then turned our attention to objects in the Veritas family
background. First, as in Carruba et al. (2016), we computed the
terminal ejection velocities for the 705 bodies that passed the above
criterion by inverting Gauss equations (Murray & Dermott 1999):

δa

a
= 2

na(1 − e2)1/2
[(1 + e cos f )δvt + e sin f δvr], (1)

δe = (1 − e2)1/2

na

[
e + 2 cos f + e cos2 f

1 + e cos f
δvt + sin f δvr

]
, (2)

δi = (1 − e2)1/2

na

cos (ω + f )

1 + e cos f
δvW, (3)

where δa = a − aref, δe = e − eref, δi = i − iref, aref, eref and
iref define a reference orbit (we set aref = 3.170 au, eref = 0.062
and iref = 9.◦207) and f and ω are the true anomaly and perihelion
argument of the disrupted body at the time of impact. As in Tsiganis
et al. (2007), we used f = 30◦ and ω + f = 180◦.

The highest terminal ejection velocities observed inferred from
this exercise, excluding objects that obviously drifted away in the
three-body resonances, was 200 m s−1. We then integrated backward
in time asteroids in the local background of the Veritas family as
defined in Section 2 and eliminated objects that (i) had Lyapunov
times shorter than 3 × 104 yr and (ii) had ejection velocities with
respect to the reference orbit larger than 220 m s−1 (i.e. 10 per cent
larger than the maximum value determined above) and (iii) did not
show the convergence of � to within ±60◦ around that of (1086)
Nata between 8.1 and 8.5 Myr ago.

Only 31 asteroids satisfied these requirements. Since, however,
most of these objects were located at semimajor axis significantly
smaller than those of the HCM members of the Veritas family
(Fig. 5, panel A), we decided not to consider them for the following
analysis. After eliminating taxonomical interlopers, we were left
with 704 members of the Veritas family. Fig. 5, panel (A), shows
the orbits of 704 members. Panel (B) of that figure illustrates the
convergence of nodal longitudes at �8.3 Myr ago.
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Figure 6. The evolution of the standard deviation of �� as a function of
time. The horizontal line identifies the minimum value of ��, while the
dashed line shows the minimum value plus its error, assumed equal to one
standard deviation of the �� values over the length of our integration.

5 FA M I LY AG E A N D D E T E C T I O N O F T H E
YA R KOV S K Y EF F E C T

The next step of our analysis is to obtain a preliminary estimate of
the age of the Veritas family (as done in Carruba et al. 2016 for
the Karin cluster), and show the necessity to include the Yarkovsky
effect in the backward integration in order to improve the con-
vergence. We do this numerically. The maximum Yarkovsky drift
in a for a 2-km C-type object, the smallest body in our Veritas
sample, is roughly 2.0 × 10−3 au over 8.3 Myr (see Brož et al.
2013 and Section 7). For each of the 704 members of the Veritas
family we therefore created 11 clones with the same initial orbits.
Each clone was assigned a drift rate, da/dt, from −3.0 × 10−10 to
3.0 × 10−10 au yr−1, with a step of 0.6 × 10−10 au yr−1 between
individual clones.

The limits of da/dt correspond to the maximum negative and
positive total drifts of 2.5 × 10−3 au, i.e. about 25 per cent larger
than the maximum expected change in a for the smallest fragment
over the estimated age of the family. All 7744 clones were then

integrated backward in time over 10 Myr with SWIFT_RMVS3_DA,
a symplectic integrator based on SWIFT_RMVS3 code (Levison &
Duncan 1994) that was modified by Nesvorný & Bottke (2004) to
include a constant drift in the semimajor axis.

The integration was used to refine the age estimate of the Ver-
itas family. Here we only used the past convergence of �. For
each time output of the integration between 7.9 and 8.6 Myr ago,
we computed the standard deviation of �� values [δs computed
with respect to (1086) Nata] for 704 clones of our simulation
with zero Yarkovsky drift. We then searched for the minimum
of the standard deviation of ��. Fig. 6 displays the time evo-
lution of σ (��) as a function of time for the simulated aster-
oids. Based on this, the age of the Veritas family was found to
be 8.24 ± 0.17 Myr.

Adopting this age, we identified the value of da for each clone that
minimizes its ��. We found that the convergence in �� is still not
perfect, partly because of the rough resolution of da/dt with only
11 clones and partly because many near resonant orbits, which were
not filtered out with our Lyapunov time cut, displayed significant
chaos. To avoid these problems, we applied a narrower selection
of 274 objects, which (i) have semimajor axes less than 3.166 au
(to avoid possible interactions with the 3+3-2 resonance) and (ii)
have Lyapunov times greater than 2 × 105 yr, to avoid chaotic orbits.
Since one of our goals with this numerical experiment is to verify the
possible past convergence of � , we believe that our approach based
on selecting the most regular objects in the R1 region, including
(1086) Nata, is justified. For each value of da/dt obtained from the
previous simulations, we created 31 additional clones of the same
particle with da/dt values covering plus or minus the step value of
0.6 × 10−10 au yr−1 used in the previous integration. Overall, we
integrated 8494 orbits.

To better identify the orbits whose � angles converge to that of
(1086) Nata, we filtered ��i = �i − �Nata and �� i = � i − � Nata,
where the subscript i indicates the ith asteroid, with a low-pass
digital Fourier filter (see Carruba 2010 for a description of the
filtering method). This removed all frequency terms with periods
shorter than 105 yr. Fig. 7 illustrates this procedure in an example.

We then analysed the time behaviour of the digitally filtered ��

and �� angles. We first obtained a refined age estimate of the
Veritas family using two approaches: for each of the 31 clones of
a given asteroid, we selected the one with the minimum values of

(A) (B)

Figure 7. Osculating (black dots) and filtered (red circles) values of �� = �ast − �Nata (panel A), and of �� = � ast − � Nata (panel B), for one of the
8494 integrated particles in the second run. All frequency terms with a period smaller than 105 yr were removed in the filtered elements.
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(A) (B)

Figure 8. Time evolution of the square root of χ2, as defined in equations (4) and (5). The horizontal black line displays the minimum value of these quantities,
while the dashed line shows the minimum plus the error, defined as square root of the standard deviation of χ2 over the considered time interval.

Figure 9. Convergence of filtered �� (panel A) and �� (panel B) for the 274 particles with the lowest values of these angles at the nominal family age.
Vertical red line displays the nominal Veritas family age, while the vertical black dashed lines show the possible range of family ages obtained with the χ2-like
approach of equation (5).

�� and �� at each time step. We then computed χ2-like variables
using the relationships:

χ2
1 =

Nast∑
i=1

(��i)
2, (4)

χ2
2 =

Nast∑
i=1

[(��i)
2 + (��i)

2], (5)

where Nast = 274 is the number of asteroids in our sample. The
first relationship will minimize the dispersion in ��, while the
second will minimize the dispersion in both �� and �� . Since
the convergence in �� is more robust, the first method provides
a better estimate for the age. We will consistently use results from
this first method hereafter. The second method, however, shows that
convergence in �� is actually possible, at least in the numerical
model here considered.

Fig. 8 displays the time evolution of the square root of these two
quantities (see panels A and B). We define the nominal error of

√
χ2

as the standard deviation of these quantities over the considered time

interval. Based on this analysis, the Veritas family is 8.23+0.37
−0.31 Myr

old. It is important to point out that, for the first time, we were also
able to obtain the convergence of � . At the nominal family age of
8.33+0.22

−0.28 Myr obtained with the second method, we identified a set
of 274 clones whose angles have minimum values of �� and ��.
The result is shown in Fig. 9: the age solutions of the Veritas family
with both methods are statistically identical. Apart from internal
consistency, it also justifies the convergence of the longitudes of
pericentre. Overall, the convergence of the angles is remarkable:
the standard deviations of the distribution in �� and �� at the
family nominal age are 8.◦4 and 8.◦7, respectively. Fig. 10 shows
histograms of the two distributions. The results obtained with the
first method were similar: the standard deviations in this case are
equal to 7.◦7 and 8.◦9, respectively.

As the next step, we extracted the semimajor axis drifts da from
clones that show the best convergence at the nominal family age.
The result is shown in Fig. 11. We also obtained da values at the
limits of the age range (7.9 and 8.6 Myr). The distribution of da
values is similar in all these cases. As expected from the standard
theory on the Yarkovsky effect, the larger asteroids have smaller
da values. We discuss this in more detail in Sections 7 and 8. A

MNRAS 469, 4400–4413 (2017)
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Figure 10. Histograms of the distributions of �� and �� obtained at the
family nominal age of 8.33 Myr, computed with our second approach.

Figure 11. Semimajor axis drift da of Veritas family members over the
estimated age of the Veritas family (8.23 Myr). The drifts tend to be smaller
for larger members, as expected from the size dependency of the Yarkovsky
effect.

list of the 274 studied asteroids with their proper elements a, e, sin i,
proper frequencies g and s, Lyapunov exponents LCE and estimated
drift speeds da/dt is given in Table B1, available in its full length
in the electronic version of the paper.

6 EF F E C T S O F EN C O U N T E R S W I T H (1 )
C E R E S A N D ( 1 0 ) H Y G I E A

To evaluate the effect that close encounters with massive main belt
asteroids may have had on the convergence of the secular angles, we
repeated the integration of our selected 274 Veritas members, but
this time we also included the gravitational effect of (i) (1) Ceres
and (ii) both (1) Ceres and (10) Hygiea. The latter asteroid, the
fourth most massive in the main belt, was included because of its
orbital proximity to the Veritas family and the possible role that the
g − gHygiea secular resonance (see Appendix A for a discussion of
the possible effect of this resonance).

Fig. 12 shows the distribution of changes of � and � in different
cases. The da values from the Yarkovsky effect were kept constant

Figure 12. Distribution of changes in � and � for the 274 integrated
asteroids for the case without Ceres and Hygiea (black line), with Ceres
(blue line) and with Ceres and Hygiea (red line).

Figure 13. �� and �� values as a function of time for (1086) Nata when
Ceres was considered as a massive perturber (top panels, black dots) and
when Ceres and Hygiea were both considered as perturbers (bottom panels,
red dots). The values were computed relative to a reference case where no
massive asteroid perturbers were included in the integration.

in all the three cases. In principle, fine tuning of these values, as
performed in the previous section, could compensate the effects of
encounters with Ceres and Hygiea, but, since the occurrence of a
given encounter with a massive body at a given time depends on
the Solar system model used (Carruba et al. 2012), adding more
massive bodies to the simulations would require a different fine
tuning.

Encounters with Ceres and Ceres/Hygiea increase the standard
deviation of the distribution in �� from 8.◦4 up to 26.◦2 and 26.◦0,
respectively. Surprisingly, they completely destroy the convergence
in �� . Both models cause the standard deviation of the distribution
in �� to reach values near 101.◦3, corresponding to a uniform
distribution. What is causing this remarkable behaviour?

Fig. 13 shows values of �� and �� values as a function of time
for (1086) Nata with respect to a reference case where no massive
asteroids were included in the integration. It can be noted that while
changes in �� are smaller than 30◦ in both models, changes in
�� are bigger than 180◦ in the first model, and two complete
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circulations of this angle were observed in the second model. We
can also observe that the time behaviour of the angles is different in
the two models. While �� increases in the first model, it decreases
in the second one (and vice versa for ��).

Let us now try to understand what makes the secular angle con-
vergence in the Veritas family so sensitive to gravitational pertur-
bations of massive asteroids, and what it implies for the realistic
uncertainty in our determination of the drift rates caused by the
Yarkovsky effect. Our method is as follows.

The massive asteroids may affect the nominal convergence of
secular angles in two ways: (i) a direct contribution to the secular
frequencies s (node) and g (pericentre) or (ii) an indirect effect,
which consists of perturbations of the semimajor axis a, being then
reflected in nodes and pericentres via dependence of s and g on a.
We believe the latter is dominant, and we will try to demonstrate it
in the case of Ceres’ influence. Obviously, the effect is larger in the
longitude of pericentre just because the gradient ∂g/∂a is nearly an
order of magnitude larger than ∂s/∂a in the Veritas family (see e.g.
Appendix A).

We postulate that the nature of Ceres’ perturbation in semimajor
axis of Veritas orbits is due to stochastic jumps during sufficiently
close encounters. These are favoured by two facts: (i) the orbit
pericentre q for Veritas orbits is close to the orbit apocentre Q of
Ceres, and (ii) the mean inclination of Veritas orbits is nearly the
same as the mean inclination of Ceres’ orbit. To probe how (i) and
(ii) influence circumstances of close encounters to Ceres, we used
the Öpik theory to compute intrinsic collision probability pi of the
two orbits. Indeed, we obtained pi � 3.5 × 10−17 km−2 yr−1, which
is slightly larger than the average in the main belt (e.g. Bottke et al.
1994).

Given the difference of s frequencies of Veritas members and
Ceres, we note that every �60 kyr the orbital planes get very close
to each other. These are the moments when the instantaneous col-
lision probability with Ceres becomes even larger than the average
stated above. Obviously, in order for a close encounter to really hap-
pen, Ceres must be close to its aphelion and Veritas member close to
its perihelion. The difference in g frequencies is much larger than in
s frequencies, so the time-scale of very favourable collision proba-
bility of Veritas members to Ceres is �60 × (360/5) kyr or �4 Myr
(assuming, for simplicity, that in the Ceres orbital plane the orbit
of Veritas members must be oriented within �5◦ with respect to
the optimum aphelion–perihelion configuration). Therefore, during
the estimated age of Veritas family, a typical member may undergo
up to three such close encounters to Ceres. This is consistent with
data in the top and right-hand panel of Fig. 13. Note that the addi-
tional nodal drift of (1086) Nata underwent two changes of rate at
approximately 3 Myr and again at about 6.5 Myr.

Obviously, none of the currently observed Veritas members im-
pacted Ceres during its lifetime. We may, however, estimate an or-
der of magnitude of its closest approach Rapp. Considering again the
Öpik theory approach, the condition for Rapp reads: piR

2
appT � 1,

where T = 8.3 Myr the age of the family. Using this relation we
obtain Rapp � 5.6 × 105 km. This result is averaged over all possible
orbit configurations. Assuming special coplanarity and alignment
conditions would have a much larger collision probability, we may
assume the really closest approaches of Veritas fragments to Ceres
that occurred few times in the past had Rapp � 104 km.

Finally, we estimate the magnitude of orbital semimajor axis jump
δa of Veritas member during such a close encounter with Ceres.
Obviously, the result depends on details of the encounter. However,
here we are interested in obtaining the order of magnitude result
only. Assuming the change in binding energy to the Sun is of the

Figure 14. Adjusted semimajor axis drift rates da/dt to achieve optimum
convergence in secular angles of 264 D < 10 km asteroids in the R1 region
of Veritas family versus their estimated size D. The values correspond to
the formal best-fitting solution minimizing χ2 in Section 5 at 8.23 Myr.
The thick grey lines correspond to our estimate of maximum values of the
Yarkovsky effect for nominal physical parameters, or ±2.4 × 10−4 au Myr−1

at D = 2.5 km (see Fig. 15) and the characteristic ∝ 1/D size dependence.
The thin grey lines for respectively smaller da/dt values at the reference
size of 2.5 km. The uncertainty interval in da/dt shown for the outlying
data point at the bottom left-hand corner applies to all data. This is our
estimated realistic value that takes into account: (i) formal variation of da/dt
within the sigma interval of the Veritas family age solution (Fig. 8, panel
A) and (ii) the stochastic effect of Ceres and Hygiea close encounters on
behaviour of the longitude of node and pericentre of asteroids in the Veritas
family. The light-grey rectangle indicates the size range 2.5–5 km used for
our analysis in Section 5.

order of magnitude of potential energy in the Ceres gravitational
field at the moment of the closest approach, we have (�a/a) �
(M1/M0)(a/Rapp), where M0 and M1 are the masses of the Sun and
Ceres and a is semimajor axis of the Veritas fragment. We obtain
δa � 7 × 10−5 au in one encounter. If two such encounters happen
statistically, the accumulated �a becomes about 10−4 au.

To tie this information to our previous results we note that the
characteristic accumulated change in semimajor axis of small Veri-
tas members to achieve orbital convergence is � (5 − 10) × 10−4 au
(see Fig. 11). While a part of this value may be due to stochastic
effects of Ceres encounters, the main effect is likely due to other
dynamical phenomena. We favour the Yarkovsky effect and discuss
details in Sections 7 and 8. In this respect, however, the random
component due to encounters to Ceres and other massive objects in
the belt represents a noise. Given the estimates above, its realistic
level is �1.3 × 10−5 au Myr−1 in the mean drift rate due to Ceres
along. To stay realistic, we shall assume three times larger value to
account for the effects of other massive bodies such as (10) Hygiea.

7 EXPECTED DRI FT RATE I N SEMI MAJO R
A X I S D U E TO T H E YA R KOV S K Y E F F E C T

For convenience of discussion in this section, we express the em-
pirical accumulated change in semimajor axis in �8.23 Myr of the
Veritas family age shown in Fig. 11 in terms of the equivalent mean
rate. This is shown in Fig. 14. Here we pay attention to the con-
sistency of these values with the predictions from the Yarkovsky
effect theory. In particular, we estimate the expected values of the
Yarkovsky effect for these bodies and compare them with the empir-
ical values required by orbital convergence discussed in Section 5.
A general information about the theory of the Yarkovsky effect may
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be found in Bottke et al. (2006) or Vokrouhlický et al. (2015). Here
we only summarize few facts needed for our application.

While in principle there is only one Yarkovsky effect acting on the
body as such, it is customary to divide it into diurnal and seasonal
components. Recall that the thermal response of the body surface
on solar heating is frequency dependent and there are typically
two primary frequencies involved (unless tumbling rotation state
that we disregard in this study): (i) rotation frequency ω, and (ii)
revolution frequency (or mean motion) n about the Sun. Virtually
in all asteroid applications ω � n. In this limit, we may consider
the thermal effects related to ω (the diurnal component) and those
related to n (the seasonal component) frequencies separately. Their
mutual interaction is negligible (see e.g. Vokrouhlický 1999). In
applications of the Yarkovsky effect to the motion of small asteroids
only the diurnal component has been considered so far, while the
seasonal component has been neglected. There are two reasons
that justified this approach. First, in the limit of very low-enough
surface thermal inertia values, appropriate for multikilometre and
larger asteroids in the main belt whose surfaces are expected to be
covered with fine regolith layer, the magnitude of the seasonal effect
becomes �√

n/ω smaller than that of the diurnal effect. Second, the
seasonal effect may become important only for a restricted interval
of obliquity values near 90◦. For evolved-enough populations of
asteroids, the Yarkovsky–O’Keefe–Radzievskii–Paddack (YORP)
effect makes the obliquity pushed towards the extreme values 0◦ or
180◦ (e.g. Bottke et al. 2006 or Vokrouhlický et al. 2015) where
the seasonal Yarkovsky effect becomes nil. However, in the case
of Veritas fragments, none of these arguments might be satisfied.
Thermal inertia of fresh, C-type objects might be anomalously large,
compared to the data of all asteroids. At the same time, the YORP
effect likely did not have enough time to push the obliquity values of
the currently observed Veritas members to their asymptotic values
(see also Section 7.1). As a result, we include both the diurnal and
the seasonal components of the Yarkovsky effect in our analysis.

Given only the moderate value of the orbital eccentricity of the
Veritas family members, we restrict to the Yarkovsky model appli-
cable to circular orbits. This is sufficient, because the eccentricity
corrections to the mean orbital change in semimajor axis are only of
the second order in e. At the same time, we limit ourselves to the an-
alytic model for the spherical shape of the asteroids and linearized
boundary conditions of the heat conduction. While approximate,
the main advantage is that we thus dispose of simple analytic for-
mulas for the secular long-term change of the orbital semimajor
axis. Finally, we note that the penetration depth � of the thermal
wave for both diurnal and seasonal effects is much smaller than the
characteristic radius R of the known Veritas members (� being at
maximum few metres even for the seasonal effect; e.g. Bottke et al.
2006; Vokrouhlický et al. 2015). In this case, we neglect corrections
of the order ∝�/R or higher in our analysis.

Using all these approximations, we find that the mean semimajor
axis drift rate due to the diurnal variant of the Yarkovsky effect is
given by

(
da

dt

)
diu

� 4α

9



n

�

1 + � + 1
2 �2

cos γ, (6)

where α = 1 − A, with A the Bond albedo,  = (πD2F )/(4mc),
with the size (diameter) D of the body, F � 136.3 W m−2 the so-
lar radiation flux at the mean heliocentric distance of the Veritas
family, m the mass of the body, c is the velocity of light and n
the orbital mean motion. Note that  ∝ 1/D, which implies the
Yarkovsky effect magnitude is inversely proportional to the aster-

oid size. Therefore it is negligible for large Veritas members such as
(1086) Nata, but becomes important as soon as D becomes smaller
than �5–10 km. Similarly, denoting ρ asthe bulk density of the
asteroid, one has  ∝ 1/ρ, again the inverse proportional scaling
with this parameter. The thermal parameter � = �

√
ω/(εσT 3

� ) de-
pends on the surface thermal inertia �, the rotation frequency ω, the
surface infrared emissivity ε, the Stefan–Boltzmann constant σ and
subsolar temperature T� = [αF/(εσ )]1/4. Finally, γ is the obliquity
of the asteroid spin axis.

Using the same notation as above, the mean semimajor axis drift
rate due to the seasonal component of the Yarkovsky effect reads

(
da

dt

)
sea

� −2α

9



n

�̄

1 + �̄ + 1
2 �̄2

sin2 γ. (7)

This is very similar to equation (6), except for the diurnal ther-
mal parameter � now replaced with its seasonal counterpart
�̄ = �

√
n/(εσT 3

� ). Note that the only difference consists in the ro-
tation frequency ω being substituted with the orbital mean motion n.
Thus �̄ is always smaller than � since �̄/� = √

n/ω. Importantly
enough, the diurnal and seasonal effects have also different depen-
dence on the rotation pole obliquity γ , the former being maximum
at γ = 0◦ and 180◦, the latter at γ = 90◦. Hence, the aforementioned
YORP-driven depletion of the obliquity distribution at mid-γ val-
ues contributes to dominance of the diurnal effect. However, when
the YORP effect does not have enough time to modify obliquity
values, as we check in the next section, there is no obvious reason
to neglect the role of γ � 90◦ obliquity values.

The total rate in semimajor axis is simply da/dt =
(da/dt)diu + (da/dt)sea. For a given body, da/dt depends on a number
of physical parameters described above. In some cases the depen-
dence conforms to a simple scaling. Thus, da/dt ∝  ∝ 1/(Dρ).
For other parameters the dependence is less obvious and needs to
be explored numerically. This is the case of the surface thermal
inertia �, rotation frequency ω and obliquity γ . Obviously, we do
not know any of these values for small members in the Veritas fam-
ily. It is not, however, our intent here to speculate about individual
bodies in the Veritas family. Rather, by comparison with the derived
da/dt values in Section 5, we may be only able to say something
about distribution of these parameters in the whole sample of small
Veritas members.

To assist with this goal, we performed the following numerical
experiment that may serve as a template for comparison with real
Veritas data. Fig. 15 shows results where we fixed a reference as-
teroid size D = 2.5 km, bulk density ρ = 1.3 g cm−3 and rotation
period 6 h (implying thus ω � 2.9 × 10−4 rad s−1). The chosen
size corresponds to that of the smallest Veritas members, for which
we were able to determine da/dt value from the secular angles
convergence (Fig. 14). The assumed bulk density is the best guess
for the C-type taxonomy of the Veritas family (e.g. Scheeres et al.
2015). Two more parameters remain to be selected for predicting
the Yarkovsky value of da/dt, namely the surface thermal inertia �

and obliquity γ . For the latter, we assume an isotropic distribution
of the spin axes in space. This is, in fact, the underlying hypothesis
that we are going to test in comparison with the data. For the for-
mer, we assumed a lognormal distribution with two different mean
values of 100 SI units (left-hand panel) and 250 SI units (right-hand
panel). Both values are within the expected range of thermal inertia
values of small, C-type asteroids (fig. 9 of Delbò et al. 2015).

The maximum range of possible da/dt values due to the
Yarkovsky effect spans, for the chosen parameters, from about
−2.4 × 10−4 to 2.4 × 10−4 au Myr−1. Given the 6 h rotation
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Figure 15. The middle part on the left- and right-hand panels shows dependence of the total semimajor axis drift rate due to the Yarkovsky effect on the surface
thermal inertia � (we assumed D = 2.5 km size member in the Veritas family with a rotation period of 6 h and a bulk density ρ = 1.3 g cm−3). Different curves
for five representative values of the obliquity γ = 0◦, 60◦, 90◦, 120◦ and 180◦ (labels). Assuming a population of bodies with a lognormal distribution of �

values shown by the top histograms, and isotropic distribution of spin axis orientations in space, one would obtain distributions of the da/dt values shown on
the right-hand side of each of the panels. The difference between left and right is in the mean value of �: 100 SI units on the left and 250 SI units on the right.

period it corresponds to 0◦ or 180◦ obliquity values and � � 50
in SI units. These limits would be the same for other rotation pe-
riods, because the diurnal Yarkovsky effect, the only component
contributing at extreme obliquity values, is invariant when � and ω

change preserving �
√

ω value (see equation 6). So for longer ro-
tation periods the optimum thermal inertia would just slightly shift
to the larger values. These maximum values favourably compare
with majority of our solved da/dt values for small fragments in the
Veritas family (Fig. 14). The few outliers beyond these limits, may
be bodies residing on slightly unstable orbits for which our analysis
is not so accurate (for instance due to close encounters to Ceres or
Hygiea, or secular effects due to these massive bodies in the main
belt). Alternately, these cases may also correspond to anomalously
low-density fragments, or bodies for which the absolute magnitude
has not been determined accurately and they actually have quite
smaller size.

The Yarkovsky effect at 90◦ obliquity is the pure seasonal con-
tribution. At low � values this component is basically nil, but at
� � 700 in SI units it rivals the maximum value of the diurnal ef-
fect. At still reasonable � values between 300 and 400 in SI units its
contribution is not negligible and needs to be taken into account. The
contribution of the seasonal effect makes the total Yarkovsky da/dt
value at generic obliquities, such as 60◦ or 120◦ on Fig. 15, bent to-
wards negative values for sufficiently large thermal inertia, breaking
thus the symmetry between the positive and negative da/dt values.

Let us assume a population of Veritas fragments with an isotropic
distribution of spin axes and lognormal tight distributions of �

values shown by the top histograms in the left- and right-hand panels
of Fig. 15. The histograms along the right ordinate then indicate
what would be the distribution of da/dt values for this sample.
As already expected, the contribution of the seasonal Yarkovsky
effect makes it that in both cases the negative da/dt values are more
likely. However, for low thermal inertia values (left-hand panel), the
asymmetry is only small, 52.4 per cent versus 47.6 per cent of all
cases only. This asymmetry becomes more pronounced for larger

thermal inertia values (right-hand panel), for which 59.2 per cent
cases have da/dt negative and only 40.8 per cent cases have da/dt
positive. Playing with more assumptions about the thermal inertia
distributions one may thus create other templates for the da/dt
distributions for samples of fragments that have their spin axes
isotropically distributed in space.

Obviously, if none of such templates corresponds to the observed
distribution of da/dt values in the Veritas family, the underlying
assumption of isotropy of the rotation axes must be violated. With
only limited data, and a lack of information about fragments of other
physical parameters, we cannot solve for the spin axis distribution,
but at least say some trends. This is the goal of our analysis in
Section 7.1.

7.1 A possible role of the YORP effect?

Before we proceed with comparison of the observed and modelled
da/dt values, we pay a brief attention to the neglected role of the
YORP effect. In particular, we assumed that the �8.3 Myr age of
the Veritas family is short enough that the YORP toques did not
result in a significant change of obliquity γ of its members (such
that γ could be considered constant in our analysis). This may look
odd at the first sight, because the Yarkovsky and YORP effects are
just two faces of one physical phenomenon, namely the recoil effect
of thermally re-radiated sunlight by the asteroid surface.

The key element in understanding this issue is a different depen-
dence on the size D. While the Yarkovsky effect is only inversely
proportional to D (da/dt ∝ 1/D, see above), the YORP effect is
inversely proportional to D2. As a result, its importance decreases
much faster with increasing size of the bodies.

The model predictions of the YORP effect are much less cer-
tain than those of the Yarkovsky effect (see e.g. discussion in
Vokrouhlický et al. 2015). In this situation we rather use real data
from the Karin family (Carruba et al. 2016), and re-scale them to
the case of the Veritas family. This simple re-scaling procedure
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Figure 16. Result of a formal fit of the observed da/dt values for 160
Veritas members with estimated size ≤5 km all mapped to a reference
size of 2.5 km using the ∝1/D scaling (blue histogram). The bin width,
�0.6 × 10−4 au Myr−1, is only slightly smaller than the estimated realistic
uncertainty of the da/dt values of individual asteroids because of the effect
of massive bodies in the main belt. The red histogram is a best fit from a
simulation, where we assumed (i) isotropic distribution of rotation poles,
(ii) rotation period 7 h, (iii) mean surface thermal inertia 158 in SI units and
(iv) bulk density 1.07 g cm−3.

must take into account different heliocentric distances (a � 2.86 au
versus a � 3.16 au), bulk densities (ρ � 2.5 g cm−3 versus ρ �
1.3 g cm−3) and ages (T � 5.8 Myr versus T � 8.3 Myr). The ac-
cumulated change �γ in obliquity scales with ∝ T/(ρa2D2). This
makes us to conclude that D � 2 km Karin asteroids should ac-
cumulate about the same obliquity change as D � 3 km Veritas
asteroids (the smaller bulk density and larger age playing the main
role). Looking at fig. 5 of Carruba et al. (2016), we conclude that the
YORP effect is negligible for those sizes (as it has been also verified
in that paper). Since D � 3 km are about the smallest asteroids we
presently observe in the Veritas family, the omission of the YORP
effect in this study is justified. For the sake of comparison we note
that the population of D � 1.4 km Karin asteroids already revealed
traces of the YORP effect (fig. 5 in Carruba et al. 2016). Therefore
we predict that, when the future observations will allow to discover
D � 2 km members in the Veritas family, we should start seeing
similar YORP pattern as in the Karin family (i.e. depletion of the
da/dt � 0 values).

8 C O M PA R I S O N O F TH E O B S E RV E D A N D
M O D E L L E D YA R KOV S K Y D R I F T VA L U E S

Here we describe the sample of the solved-for values of the
Yarkovsky drift da/dt from Section 5 in some detail. However,
the reader is to be warned upfront that we show here just an exam-
ple of many possible solutions. The data are simply not constraining
the model enough at this moment.

We already observed the overall consistency of the maximum
determined da/dt with the Yarkovsky prediction for the sizes of
Veritas members. Here we consider a subsample of 190 asteroids
with size D ≤ 5 km. This is because data for small enough asteroids
should enable a better description of the Yarkovsky effect and be
less contaminated in a relative sense by the perturbation from Ceres
and massive asteroids. We use the inverse-proportional relation be-
tween da/dt and D and map all these values to the reference size
Dref = 2.5 km. This corresponds to the smallest observed Veritas
members (Fig. 14). The blue histogram in Fig. 16 shows distribution

of these mapped values. We used �0.6 × 10−4 au Myr−1 width of
the bins for two reasons: (i) the number of asteroids in the sample
is not very large and (ii) the realistic uncertainty of the individual
da/dt solutions is �±0.4 × 10−4 au Myr−1, only slightly larger
than the bin. The latter is mainly due to the stochastic effect of close
encounters with Ceres and Hygiea (Section 6). Therefore it does
not make sense to use smaller bin size. There are 95 objects with
da/dt > 0, and only 65 with da/dt < 0, in our sample. At the first
sight, this precludes a possibility of isotropic distribution of spin
axes (see discussion in Section 7). However, we demonstrate below
that the small statistics of bodies still allows matching the data with
the underlying pole isotropy. Obviously, solutions with anisotropic
pole distribution are also possible, but these are not attempted here,
because they would involve many more unconstrained degrees of
freedom in the model.

We conducted the following simple numerical experiment. Con-
sidering 160 D = Dref = 2.5 km size members of the Veritas family,
we randomly sampled a three-dimensional parametric space of (i)
characteristic rotation period P values (given the same to all bod-
ies), (ii) mean surface thermal conductivity �̄ with a tight lognormal
distribution with standard deviation of 0.1 in log � (see the top his-
tograms on Fig. 15) and (iii) bulk density ρ. The tested interval of
values were (i) 4–20 h for P, (ii) 50–1000 in SI units for �̄ and (iii)
0.8–1.5 g cm−3 for ρ. We performed 25 000 trials of a random sam-
pling of this parametric space. For each these choices, we then let the
code test 104 random variants of spin axes obliquities. Altogether,
we thus ran 2.5 × 108 simulations. In each of them we computed
the distribution of da/dt values for the sample using equations (6)
and (7). We evaluated the formal χ2 = ∑

(Nc − No)2 measure of
the difference between the data No and the model Nc using the bins
shown in Fig. 16. In particular, we considered only the 10 central
bins around zero up to da/dt values of ±2.5 × 10−4 au Myr−1, be-
cause these are maximum expected Yarkovsky values (e.g. Fig. 15).
The solution is largely degenerate, since many parameter combina-
tions resulted in reasonable fits, so we restrict here to summarize
just the main trends. These are best shown by a projection of the χ2

values on to the plane of surface thermal inertia �̄ and bulk density
ρ (Fig. 17).

We note that the reasonable matches required (i) �̄ smaller than
�400 SI units, and most often being in the interval between 150
and 250, (ii) rotation period values P are not constrained (thus not
shown in the Fig. 17) and (iii) the density ρ should be smaller than
1.3 g cm−3. The reason for (i) is explained in Section 7: larger
thermal conductivity would necessarily prefer negative values of
da/dt that is not observed in our data. Actually the predominance
of the positive da/dt is achieved only as a result of statistical noise
on low number of data in the individual bins. The low densities
are required to match the observed minimum to maximum range of
da/dt values.

9 C O N C L U S I O N S

Our results can be summarized as follows.

(i) We identified and studied the members of the Veritas family
and asteroids in the family background. As in Tsiganis et al. (2007),
we found that the chaotic orbits with Lyapunov times <105 yr are
in the 3+3-2 and 5-2-2 three-body resonances. (490) Veritas itself
is currently in the 5-2-2 resonance and is characterized by a very
short Lyapunov time. With a possible exception of the g − gHygiea

secular resonance, secular dynamics plays only a minor role in the
region of the Veritas family.

MNRAS 469, 4400–4413 (2017)



The Veritas asteroid family 4411

Figure 17. Region of admissible χ2 values in the parametric space surface
thermal inertia �̄ (abscissa) and bulk density ρ (ordinate) of the Veritas
family members. The χ2 is a measure of a success to match distribution of
the Yarkovsky rate of change of the semimajor axis da/dt obtained for 160
D ≤ 5 km asteroids in the R1 region of the family (see the text). At each grid
point in the plane we also tested rotation periods between 4 and 20 h and
we run 104 trials of isotropically distributed spin axes of the fragments. The
light grey area shows where χ2 ≤ 40, the dark grey area shows where χ2 ≤
30. The formally best-fitting value χ2 = 13, shown by red cross, corresponds
to �̄ = 158 (SI units), ρ = 1.07 g cm−3 and P = 7 h (see Fig. 16).

(ii) We studied physical properties of asteroids in the Veritas
family region. The Veritas family is mostly made of C-type objects
of low albedo. The mean albedo value of the Veritas family is 0.07.
Among Veritas members, only (490) Veritas and (1086) Nata have
masses larger than 1017 kg. The mass distribution of the family is
consistent with the outcome of a fragmentation event.

(iii) We investigated the past convergence of nodal longitudes of
members of the Veritas family with Lyapunov times >3 × 104 yr
and refined the list of secure Veritas family members. 704 asteroids
have their nodal longitude converging to within ±60◦ to that of
(1086) Nata between 8.1 and 8.5 Myr ago.

(iv) By performing two sets of numerical integrations with the
Yarkovsky force, we found that the inclusion of the Yarkovsky effect
is crucial for improving the convergence. The convergence of nodal
longitudes of 274 most regular members of the Veritas family is
almost ideal. The best age estimate is 8.23+0.37

−0.31 Myr.
(v) For the first time, we were able to demonstrate the possibility

of convergence of the perihelion longitudes. Regrettably, the effect
of close encounters with Ceres and other massive main belt asteroids
destroys the convergence in � , and also defocuses the convergence
of �. This limits the accuracy of our Yarkovsky drift estimates to
±4 × 10−5 au Myr−1.

(vi) To within this precision, we were able to obtain da/dt drift
rates for 274 members of the Veritas family. The drift rates are larger
for smaller asteroids, as expected from the Yarkovsky effect. The
inferred distribution of da/dt values is consistent with a population
of objects with low densities and low thermal conductivities.

(vii) The effects of YORP cannot be discerned in the Veritas
family. They should become apparent when future observations
will help to characterize the family members with D < 2 km.

In summary, despite the very complex dynamical environment of
the Veritas family, we were able to refine the family age estimate,
obtain Yarkovsky drift rates for 274 family members and constrain
several key parameters such as their bulk density and thermal con-
ductivity. Results are consistent with the standard theory of the
Yarkovsky effect.
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APPENDIX A : PRO PER FREQU ENCY
B E H AV I O U R I N T H E V E R I TA S R E G I O N

Following the approach of Nesvorný & Bottke (2004) we attempt
to compute the drift rates caused by the Yarkovsky effect based on
the values of ��, the difference between the values of � between
those of the 705 members of the Veritas family and those of (1086)
Nata itself. For this purpose, we first need to determine how the g
and s proper frequencies depend on proper semimajor axis in the
Veritas region. Contrary to the case of the Karin cluster, we cannot
use for the Veritas family the convergence of the past longitudes
of the nodes � , since the Veritas family is too close to the 2/1
mean-motion resonance with Jupiter, and this causes the precession
of the longitude of the nodes to increase significantly. According to
Nesvorný & Bottke (2004), values of ��P, j for a given j member
at each given time t = −(τ + �t), with τ the estimated age of the
Karin group, is given by

��P,j (t) = �∗
P,j − �∗

P,1 − 1

2

∂s

∂aP
(δaP,j − �aP,1)τ − (sj − s1)�t,

(A1)

where �∗
P,j − �∗

P,1 is the proper nodal longitude difference caused
by the ejection speeds �V, and assumed negligible hereafter

(Nesvorný & Bottke 2004 estimate that it is of the order of 1◦ for the
Karin cluster, and should not be much larger for the Veritas family).
∂s
∂aP

define how frequencies change with aP. Nesvorný & Bottke
(2004) used the analytic perturbation theory of Milani & Knežević
(1994) to estimate this rate equal to −70.0 arcsec yr−1 au−1 for all
Karin cluster members (with an uncertainty of 1 per cent caused
by the spread in proper aP of the cluster members). The case of the
Veritas family is, however, much more challenging.

Fig. A1 displays an (a, s) projection of members of the Karin
cluster (panel A) and of the Veritas family (panel B). While indeed
most Karin members follow a single line of constant δs/δa in the (a,
s) plane, the distribution of (a, s) for the Veritas family is much more
disperse. The local three-body resonances play an important role in
affecting the values of asteroid proper in the region of the Veritas
family, in a way not observed for the Karin cluster. To investigate
the role of the local dynamics, we first obtained a dynamical map
of synthetic proper elements in the (a, sin i) domain.

For this purpose, we created a grid of 1600 particles divided in
40 equally spaced intervals in both osculating a and i and integrated
them over 12 Myr over the influence of the Sun and the eight plan-
ets with SWIFT_MVSF, the symplectic integrator based on SWIFT_MVS

from the SWIFT package of Levison & Duncan (1994), and modified
by Brož (1999) to include online filtering of osculating elements.
The initial osculating elements of the particles went from 3.150 to
3.190 au in a and from 7.◦0 to 11.◦0 in i. The other orbital elements
of the test particles were set equal to those of (1086) Nata at the
Modified Julian Date of 57200. The step in osculating a, 0.001 au,
was chosen small enough to allow for a significant resolution in the
map, but large enough so that the computation of δs/δa and δg/δa
was precise enough, considering the errors in proper frequencies
and semimajor axis. Synthetic proper elements were then obtained
with the approach described in Carruba (2010), based on the method
of Knežević & Milani (2003).

Results are shown in Fig. A2, panel (A). Black dots display the
location of the test particles synthetic proper elements. Not surpris-
ingly, one can notice (i) the important perturbing effect of the 5-2-2
resonance, and (ii) the absence of important secular resonances in
this region, apart from the ν1H = g − gHygiea located at �3.170 au
(not shown in the figure for simplicity), that further contributes to
the chaotic dynamics between the 3+3-2 and 5-2-2 three-body res-
onances. Based on the values of proper frequencies g and s obtained

(A) (B)

Figure A1. An (a, s) projection of members of the Karin cluster (panel A) and of the Veritas family (panel B). While the (a, s) distribution of the Karin cluster
members mostly follows a single line of constant δs/δa, the same distribution for the Veritas family is much more dispersed.
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Figure A2. An (a, sin i) dynamical map of the region of the Veritas family (panel A). Black dots identify the values of synthetic proper elements of the
integrated test particles. Other symbols are the same as in Fig. 1. Panel (B) displays a colour plot of values of δs/δa obtained for the particles in the dynamical
map simulation.

Table B1. Proper elements and estimated drift rates of 274 Veritas family members.

Number H aP eP sin iP gP sP LCE × 106 Drift speed
(au) (arcsec yr−1) (arcsec yr−1) (yr−1) (au Myr−1)

1086 9.49 3.165357 0.061441 0.161970 127.944574 −81.597922 1.45 0.000E+00
6374 11.95 3.165615 0.061238 0.161059 128.412635 −81.663237 1.34 −0.800E-04
7231 12.14 3.165802 0.061364 0.160469 128.750656 −81.730850 0.33 −0.220E-03
8624 13.55 3.164742 0.061074 0.162768 127.137085 −81.472127 1.47 0.800E-03
9715 13.23 3.165485 0.060828 0.159609 128.625973 −81.736346 1.87 −0.740E-03
9860 13.07 3.164893 0.060683 0.161880 127.484952 −81.514396 1.46 −0.140E-03
11768 12.93 3.164016 0.060272 0.162164 126.564674 −81.416291 1.50 0.300E-03
15066 12.23 3.165616 0.061469 0.162364 128.100351 −81.579624 1.38 −0.240E-03
15256 12.52 3.164626 0.060472 0.161926 127.209465 −81.479886 1.52 0.820E-03
15732 12.38 3.164794 0.060991 0.162029 127.366566 −81.526495 1.40 0.999E-04

for this map, we then computed the values of δg/δa and δs/δa with
this method: for each point in the line of 40 intervals in a in the map,
with the exception of the first and last, we computed the distance in
proper a, da, and in proper frequencies dg and ds of the neighbour
to the left with respect to the neighbour to the right. δg/δa and
δs/δa were then assumed equal to dg/da and ds/da, respectively.
Results shown in Fig. A2, panel (B) display a colour plot of our
results for δs/δa (results for δg/δa are analogous and will not be
shown, for simplicity). For semimajor axis lower than those of the
centre of the 3+3-2 resonance the behaviour of δs/δa is quite regu-
lar, slowly increasing with respect to a. δs/δa becomes much more
erratic between the 3+3-2 and 5-2-2 resonances, and only returns
to a more regular behaviour for values of semimajor axis larger than
3.18 au, beyond the locations of the 5-2-2 and the 7-7-2 three-body
resonances. In view of the complex behaviour observed for δs/δa

and δg/δa, we decided not to use an analytic approach to obtain
family ages and drift rates based on these values.

APPENDI X B: YARKOV SKY DRI FT SPEE D
VA L U E S

We report in Table B1 the first 10 identified Veritas members, their
absolute magnitude, proper a, e, sin i, g and s, Lyapunov exponent
(multiplied by a factor 106) and estimated mean Yarkovsky drift
speed, in au Myr−1 [no such value is available for (1086) Nata
itself because of its relative large size has very limited Yarkovsky
mobility). The complete table for the whole sample of 274 studied
asteroids is available in the online version of this paper.
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