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SŁAWOMIR BREITER1, GILLES MÉTRIS2 and DAVID VOKROUHLICKÝ3
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Abstract. Hansen coefficients Xn,j
k

were originally defined for integer superscript n referring to
the power of distance. We show, that most of the theory of Hansen coefficients remains valid for

X
γ,j
k

, when γ is a real number. The generalized coefficients can be applied in a variety of perturbed

problems that involve some drag effects. A more detailed discussion of the caseX(2n+1)/2,j
0 is given.
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1. Introduction

Hundred and fifty years since their invention, Hansen coefficients remain still one
of the most important tools in the analytical methods of celestial mechanics. Fol-
lowing the classical summary given by Tisserand (1889), we define Hansen coeffi-
cients Xn,j

k as the Fourier amplitudes in the series

( r
a

)n
exp i j f =

∞∑
k=−∞

X
n,j

k exp i k M, (1)

where f is the true anomaly, M is the mean anomaly, the ratio of the radial distance
r to the major semi-axis a obeys the Keplerian formula

r

a
= 1 − e2

1 + e cos f
, (2)

and we use the index j ∈ N instead of a traditional m. The negative values of j are
accounted for by the known symmetry Xn,j

k =X
n,−j
−k .

The theory of the coefficients Xk,j
n as the functions of eccentricity e or β

β = e

1 + √
1 − e2

, (3)
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has been worked out by many outstanding authors. The original paper by Hansen
(1853) was followed by the contributions of Tisserand (1889), Newcomb (1895),
von Zeipel (1912), Brumberg (1970), Aksenov (1986), and Giacaglia (1987) – to
name just the few, without mentioning numerous articles that considered only com-
putational aspects or the special cases known as the Kaula’s eccentricity functions
(Kaula, 1966).

The present paper stems from an observation, that the traditional assumption of
an integer-valued n in Xn,j

k is not necessary: most of the fundamental formulae in
the theory of Hansen coefficients admit a straightforward generalization to the case
of

( r
a

)γ
exp i j f =

∞∑
k=−∞

X
γ,j

k exp i k M, (4)

where γ ∈ R. The generalization is more than just a mathematical curio; we have
noticed it while averaging the Yarkovsky force perturbations (Breiter and
Vokrouhlický, in preparation) and looking for some analogy with the Stokes drag
perturbed motion. The latter problem was discussed by Ferraz-Mello (1992), and
Jancart and Lemaı̂tre (2001), who applied some functions similar to the Xγ,j

0 coef-
ficients with half-integer values of γ . For practical reasons, we focus our interest on
the most useful subset Xγ,j

0 of the generalized Hansen coefficients that are required
in analytical averaging. The general case Xγ,j

k is only briefly discussed.

2. Mean Value Related Hansen Coefficients

Averaging Equation (1) with respect to the mean anomaly, one obtains the subset
of Hansen coefficients〈(

r

a

)n

exp i j f

〉
= X

n,j

0 , (5)

with the subscript k= 0. These classical functions (with n∈ Z) possess well known
properties: they are expressible in terms of algebraic functions of eccentricity, they
admit the reduction to the Gaussian hypergeometric series and hence they satisfy
numerous linear recurrence relations (Aksenov, 1986). As we will see in the next
sections, the last two properties hold true in the generalized case as well.

2.1. HYPERGEOMETRIC SERIES FOR X
γ,j

0

Suppressing the restriction on the values of n, we may consider

X
γ,j

0 = 1

π

∫ π

0

(
r

a

)γ

cos j f dM (6)
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with a real superscript γ . Using the well-known Keplerian expressions (2) and

df

dM
= η

(
a

r

)2

= (1 + e cos f )2

η
, (7)

where η=√
1 − e2, we can introduce a new, more convenient integration variable

φ = 1
2f. (8)

Equation (6) takes the form

X
γ,j

0 = 1

πη

∫ π

0

(
r

a

)γ+2

cos j f df

= η2γ+3

π

∫ π

0

cos j f

(1 + e cos f )γ+2
df

= 2γ+2

π

√
2 −m

(
1 −m

2 −m

)γ+3/2 ∫ π/2

0

cos(2j φ)

�2γ+4
dφ, (9)

where

� =
√

1 −m sin2 φ, (10)

m = 2e

1 + e
. (11)

A quick look at Equation (9) reveals that the quadrature in the last line can be
resolved as a closed form expression in terms of the complete elliptic integrals
(Byrd and Friedman, 1954) for half-integer values of γ . Indeed, Ferraz-Mello
(1992) or Jancart and Lemaı̂tre (2001) considered the problem as an exercise in
elliptic integrals. Starting with this important particular value of γ we took this
way at the beginning of our research, but then we noticed that – paradoxically –
the series expansion approach proves more attractive.

Observing, that m < 1 in a non-degenerate elliptic motion, we can expand the
integrand of Equation (9) in power series of m, obtaining

X
γ,j

0 =
√

2 −m

22j−γ−1

(
1 −m

2 −m

)γ+3/2 ∞∑
i=0

(−1)i

4i

( −γ − 2
i + j

)(
2i + 2j

i

)
mj+i .

(12)

The series (12) occurs to be related with the Gaussian hypergeometric function 2F1

(or simply F ), and so

X
γ,j

0 =
(

− m

4

)j

(1 −m)γ+3/2

(
2

2 −m

)γ+1
(γ + 2)j

j !
×

× F

(
γ + j + 2, j + 1

2
; 2j + 1;m

)
, (13)
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where we introduced Pochhammer symbol

(a)b = �(a + b)

�(a)
. (14)

An elementary transformation leads to

X
γ,j

0 =
(

− m

4

)j( 2

2 −m

)γ+1
(γ + 2)j

j !
×

× F

(
j − γ − 1, j + 1

2
; 2j + 1;m

)
. (15)

The hypergeometric function that occured in Equation (15) belongs to a ‘friendly’
class F(α, β; 2β;m) that allows a quadratic transformation of argument
(Gradshtein and Ryzhik, 1965)

F(α, β; 2β;m) =
(

1 − m

2

)−α
F

(
α

2
,
α + 1

2
; 2β + 1

2
;
(

m

2 −m

)2)
. (16)

Hence, noting that [m/(2 −m)]2 = e2, we can rewrite Xγ,j

0 using a better behaving
hypergeometric function

X
γ,j

0 =
(

− e

2

)j
(γ + 2)j

j !
F

(
j − γ − 1

2
,
j − γ

2
; j + 1; e2

)
. (17)

Thus we recover the classical expression of Xn,j

0 (Tisserand, 1889), but with an
integer n replaced by a real γ .

2.2. SOME GENERAL PROPERTIES

The hypergeometric function is a well-known mathematical object (Gradshtein and
Ryzhik, 1965; Abramowitz and Stegun, 1972; Whittaker and Watson, 1990), hence
Equations (15) and (17) allow to compute the Xγ,j

0 functions efficiently by means
of standard software; they also furnish a multitude of formal identities, some of
which will be discussed below.

2.2.1. Symmetry
While the symmetry of Xγ,j

0 in the j index is trivial, and has been noted above, the
relation between Xγ,j

0 coefficients with different values of γ is less obvious, but
it follows from the transformation properties of hypergeometric functions. If we
replace γ by −γ −3 in Equation (13), compare it with Equation (15) and note, that
(−γ − 1)j = (−1)j (γ + 2 − j)j , we obtain

X
γ,j

0 = (−1)j η2γ+3 (γ + 2)j
(γ + 2 − j)j

X
−γ−3,j
0 . (18)

By virtue of this relation, functions Xγ,j

0 with γ > −3/2 can be expressed by
those with γ < −3/2. Of course, the formula remains valid for γ = n and – to
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our knowledge – it has not been reported earlier1 (probably due to a non-obvious
‘turning point’ −3/2). In the integer case, however, the validity of Equation (18) or
of its inverse is restricted to the situations, when (n+ 2 − j)j 
= 0 or (n+ 2)j 
= 0
respectively.

2.2.2. Recurrence relations and derivative
It was already Gauss who established the set of nine independent linear recurrence
relations between the three neighboring hypergeometric functions. All known re-
currence relations for Xn,j

0 follow directly from this set and can be easily general-
ized for real γ . We merely quote two of them

X
γ,j

0 = e

2j
[(γ + 1 − j)X

γ,j+1
0 − (γ + 1 + j)X

γ,j−1
0 ], (19)

and

X
γ,j

0 = 2γ + 1

γ + 1
X
γ−1,j
0 − γ 2 − j 2

γ (γ + 1)
η2X

γ−2,j
0 , (20)

that are capable of generating all possible Xγ+n,j
0 coefficients with a given value of

γ ∈ R and n, j ∈ Z. All we need to start the process are, in principle 2, but more
conveniently four departure coefficients, say X{γ,γ+1},{0,1}

0 .
If the eccentricity is small, Equation (19) is not a useful numerical tool for

computing X
γ,j+1
0 , because it involves the division by e with a potential loss of

significant digits. In that case, however, hypergeometric series converge fast and
they can be used more efficiently than recurrence formulas.

Arbitrary order derivatives of a hypergeometric function can be expressed as a
hypergeometric function with shifted coefficients, times a numeric constant
(Abramowitz and Stegun, 1972). Thanks to this property, the derivatives of Xγ,j

0
can always be expressed in terms of other Hansen coefficients. For example,

dXγ,j

0

de
= j

e
X
γ,j

0 − (γ + 1 − j)(γ − j)

γ + 1
X
γ−1,j+1
0 . (21)

Thus all classical expressions for the derivatives ofXn,j

0 can be generalized directly
to the case of a real superscript.

2.3. SPECIAL CASE WITH γ = (2n+ 1)/2

If γ takes half-integer values, say γ = (2n+ 1)/2, with n∈ Z, all coefficients Xγ,j

0
can be expressed as a combination of algebraic functions of e and of the complete
elliptic integrals of the first and the second kind K(m), E(m). This can be seen if
we specify four initial coefficients. Let use Equation (15) with γ ∈ {−3/2,−1/2}

1Hughes (1981) still used two different recursive algorithms for Xn,j0 and X
−(n+1),j
0 with

n∈ N.
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and j ∈ {0, 1}. Then we obtain

X
−3/2,0
0 =

(
2

2 −m

)−1/2

F

(
1

2
,

1

2
; 1;m

)
= 2

π

K(m)√
1 + e

, (22)

X
−1/2,0
0 =

(
2

2 −m

)1/2

F

(
− 1

2
,

1

2
; 1;m

)
= 2

π

√
1 + eE(m), (23)

X
−3/2,1
0 = m

8

(
2

2 −m

)−1/2

F

(
3

2
,

3

2
; 3;m

)

= − 2

π

K(m)− (1 + e)E(m)

e
√

1 + e
, (24)

X
−1/2,1
0 = −m

8

(
2

2 −m

)1/2

F

(
1

2
,

3

2
; 3;m

)

= − 2

π

√
1 + e

e
[E(m)− (1 − e)K(m)], (25)

where, as usually, m= 2e/(1+e). Equations (19) and (20) imply, that starting from
the above initial coefficients, we will always obtain

X
(2n+1)/2,j
0 = F1(e)E(m)+ F2(e)K(m), (26)

where both F1 and F2 are algebraic functions of e.
Interestingly, if the Gaussian transformation of modulus is applied (Abramowitz

and Stegun, 1972), we can also use the elliptic integrals with a modulus β2, because

m = 4β

(1 + β)2
, (27)

and so

K(m) = (1 + β)K(β2), (28)

E(m) = 1

1 + β
[2E(β2)− (1 − β2)K(β2)]. (29)

Of course, the same result could be achieved by a transformation of the hypergeo-
metric function.2

2.4. ON A RELATED FUNCTION Y
γ,j

0

In some situations one may prefer the use of eccentric anomaly u; in that case the
classical results can be found in (Ahmed, 1994). So, let us consider also a function

Y
γ,j

0 = 1

π

∫ π

0

(
r

a

)γ

cos j u dM, (30)

2cf. Equation (D1) in Tisserand (1889, p. 255).



GENERALIZED HANSEN COEFFICIENTS 159

just in order to show, that it can be easily related to Xγ,j

0 and thus no special theory
is required for a ‘quasi-Hansen coefficient’ Y γ,j0 .

Following a similar reasoning as above and using:

du

dM
= a

r
= 1

1 − e cos u
, (31)

we obtain

Y
γ,j

0 = 1

π

∫ π

0

(
r

a

)γ+1

cos j u du

= 1

π

∫ π

0
(1 − e cos u)γ+1 cos j u du

= (−1)j
2

π

(
2

2 −m

)γ+1 ∫ π/2

0
�2γ+2 cos(2jφ) dφ, (32)

where φ= u/2. Expanding � in powers of m and using the transformation proper-
ties of the hypergeometric functions we finally have

Y
γ,j

0 =
(

− e

2

)j
(γ + 2 − j)j

j !
F

(
j − γ − 1

2
,
j − γ

2
; j + 1; e2

)
. (33)

Comparison with Equation (17) then yields a direct and simple relation

Y
γ,j

0 = (γ + 2 − j)j

(γ + 2)j
X
γ,j

0 . (34)

As we see, both functions are equivalent up to a numeric factor.

3. Hansen Coefficients With Arbitrary k

The theory of Xγ,j

k with k 
= 0 is more complicated, because the coefficients are
no longer directly related to the hypergeometric function 2F1. In the present paper,
we have only checked which of the known formulae for the direct computation of
X
n,j

k admit a straightforward generalization for Xγ,j

k . In each case we compared
the formula with a numerical quadrature

X
γ,j

k = 1

2π

∫ π

−π

(
r

a

)γ

exp(i k f ) exp(−i j M) dM. (35)

The Tisserand’s formula (Tisserand, 1889; Zarouatti, 1987) becomes simply

X
γ,j

k = (−β)|k−j |
(1 + β2)γ+1

∞∑
s=0

P sQsβ
2s, (36)
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where

Ps =
{
Ps+k−j if k� j,

Ps if k < j,
(37)

Qs =
{
Qj if k� j,

Qs+j−k if k < j,
(38)

Ps =
s∑

r=0

(
γ − j + 1
s − r

)
1

r!

(
− ke

2β

)r

, (39)

Qs =
s∑

r=0

(
γ + j + 1
s − r

)
1

r!

(
ke

2β

)r

. (40)

Among the numerous (although essentially equivalent) variants of Bessel function
series for Xn,j

k (Jarnagin, 1965; Giacaglia, 1976, 1987) we may recommend the
form given by Aksenov (1986)3 that can be directly taken as

X
γ,j

k = (1 + β2)−γ−1
∞∑

s=−∞
E
γ,j

k−sJs(ke), (41)

where

Eγ,j
p = (−β)p−j

(
γ − j + 1
p − j

)
×

× F(−γ − j − 1, p − γ − 1;p − j + 1;β2) for p� j, (42)

and Eγ,j
p =E

γ,−j
−p should be applied for p < j .

It is worth noting, that if γ = (2n+1)/2, the coefficients Eγ,j
p will have a generic

form similar to Equation (26), involving either the elliptic integrals with modulus
β2 or (after the Gauss transformation) with modulus m.

4. Conclusions

Hansen coefficients can be easily generalized to include any power of the distance
rγ . Thus, no new theory is required for the elliptic expansions in Stokes drag
perturbed problems or in other problems involving the drag proportional to more
exotic powers of velocity and distance. Hansen’s assumption of integer n was justi-
fied by the most common application domain of Xn,j

k coefficients (i.e. gravitational
perturbations), but it can be quite easily suppressed. Most of the known formulae
admit a straightforward extension to the real γ case, save for the ones that make
use of the property, that hypergeometric series with negative integer arguments

3See also Branham (1990).
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terminate. The theory of hypergeometric functions was present in the Hansen coef-
ficients problems since the beginning and – in our opinion – it still remains the
most handy tool in this domain, unless some FFT-like algorithms are applied (see
Brumberg and Brumberg, 1999).
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